MIXED CHARACTERISTIC HYPERSURFACES
OF FINITE COHEN-MACAULAY TYPE

GRAHAM J. LEUSCHKE

ABSTRACT. We define the mixed ADE singularities, which are generalizations of the ADE plane
curve singularities to the case of mixed characteristic. The ADE plane curve singularities are
precisely the equicharacteristic plane curve singularities of finite Cohen—Macaulay type; we show
that the mixed ADE singularities also have finite Cohen—Macaulay type.

Let (R, m) be a (commutative Noetherian) local ring of Krull dimension d. A non-zero R-module
M is mazimal Cohen—Macaulay (MCM) provided it is finitely generated and there exists an M-
regular sequence z1,... ,z4 in the maximal ideal m. In particular, R is a Cohen—Macaulay (CM)
ring if R is a MCM module over itself. The ring R is said to have finite Cohen—Macaulay type
(or finite CM type) if there are, up to isomorphism, only finitely many indecomposable MCM
R-modules.

The complete equicharacteristic hypersurface singularities of finite CM type have been completely
characterized ([2], [4], [5], [8], [12]). A complete equicharacteristic hypersurface singularity is a ring
of the form R = A/(f), where A = Ek[[zg,... ,z4]| is the ring of formal power series over an
algebraically closed field k£ and f is a nonzero element in the square of the maximal ideal of A.
For d > 1 and char(k) # 2 it is known that such a singularity has finite CM type if and only if
R 2~ k[[zg,... ,z4)]/(g+ x5+ - +z2), where g € k[zo, 21] defines a simple plane curve singularity.
For char(k) # 2,3, 5, these simple plane curve singularities are defined by the following polynomials,
corresponding to certain Dynkin diagrams:

(An) @3+l (n>1)
(Dn) @1(ag+277%), (n>4
(B¢) zp+zt;
(E7)  o(z3 +2});
(Es) zp+ 3.
When char(k) is one of 2,3, or 5, there are some additional normal forms [13].

This paper is concerned with showing certain examples of complete one-dimensional hypersur-
faces of mixed characteristic have finite CM type. Recall that a complete one-dimensional hyper-
surface of mixed characteristic has the form R = V{[y]]/(f(y)), where (V,pV) is a discrete valuation
ring and p is a prime number. These examples, which we call the mixed ADE singularities, are the
natural extensions of the simple plane curve singularities to the situation where R does not contain
a field. See Definition 3.1. Since Herzog has shown [7] that a complete Gorenstein local ring of
finite CM type must be a hypersurface, these examples represent a step toward a full classification
of the one-dimensional Gorenstein local rings of finite CM type.
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To prove that a given ring has finite CM type, we compute the Auslander—Reiten quiver. The
AR quiver encapsulates much of the structure of the category of MCM modules over the ring. This
structure is given in terms of Auslander—Reiten sequences, also known as almost split sequences.
Section 1 reviews the relevant properties of AR sequences and quivers.

When computing AR quivers, we need a way to know whether we have the complete quiver.
Section 2 is devoted to proving such a result in this context (Theorem 2.9). This type of result
is called a Brauer—Thrall type theorem in [15]. All existing versions of Brauer—Thrall type theo-
rems assume that ring in question contains a field; we replace this restriction by the much milder
assumption that the residual characteristic p not be a zerodivisor.

The third section consists of the definitions of the mixed ADE singularities and computation of
their AR quivers. Not surprisingly, the AR quivers for the mixed ADE singularities closely resemble
their equicharacteristic counterparts. The assumption of mixed characteristic does, however, impose
some technical difficulties. For instance, in two of the mixed ADE singularities, (D) and (E7), the
residual characteristic p is a zerodivisor. This prevents us from applying Theorem 2.9. We resort
to verifying conditions due to J.A. Drozd and A.V. Roiter (Theorem 3.3) to prove that these rings
have finite CM type. While effective, this approach does not allow us to enumerate all the MCM
modules as we can in the other cases.

1. AUSLANDER-REITEN QUIVERS

For this section, R is a complete CM local ring with algebraically closed residue field. The
theory of Auslander—Reiten quivers, originally developed by M. Auslander and I. Reiten for the
representation theory of Artin algebras, has been extended to the representation theory of maximal
Cohen—Macaulay R-modules. In this context, they turn out to have an intimate relationship with
the singularity defined by R. They also give a wealth of information about the structure of the
category of MCM R-modules. Most of the results cited here can be found in Yoshino’s excellent
monograph [16].

Let M be an indecomposable MCM R-module. An Auslander—Reiten (AR) sequence ending in
M 1is a nonsplit short exact sequence

(1) 0—— N 5B 213 M—0

such that (a) N is an indecomposable MCM R-module, and (b) any homomorphism of MCM R-
modules L— M that is not a split surjection factors through ¢q. AR sequences are unique up to
isomorphism of exact sequences when they exist. We say also that (1) is an AR sequence starting
from N. The ring R is said to admit AR sequences if for every nonfree indecomposable MCM

R-module M there is an AR sequence ending in M. A significant result of M. Auslander gives a
necessary and sufficient condition for the existence of AR sequences.

Theorem 1.1 ([1]). The ring R admits AR sequences if and only if R is an isolated singularity
(that is, each localization R, with p # m is a regular local Ting).

In the AR sequence (1), N is called the Auslander translation of M, and we write N = 7(M).
The Auslander translation of M is easily calculated. Recall that the Auslander transpose tr(M) of
M is Coker ®*, where ® is a presentation matrix for M.

Lemma 1.2 ([16, 3.13]). Let d = dim(R). Then 7(M) = Hompg(syz% tr(M),w), where w is the
canonical module for R.
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It follows that 7(7(M)) = M [16, 2.14].
Closely related to AR sequences are irreducible homomorphisms. A homomorphism of MCM R-

modules ¢ : M— N is irreducible provided (a) ¢ is neither a split injection nor a split surjection,
and (b) if ¢ factors through a MCM module X

(2) M ¢ N
N

then either a is a split injection or 3 is a split surjection.
The next lemma follows from [16, 2.12] and the proof there.

Lemma 1.3 ([16, 2.12]). Let M and L be indecomposable MCM R-modules, and assume that there
exists an AR sequence (1) ending in M. The following conditions are equivalent.

1. L is isomorphic to a direct summand of E.
2. There is an irreducible homomorphism L— M.

Each of these implies that the composition L—E— M is an irreducible homomorphism.

In fact, the irreducible homomorphisms L— M form a finite-dimensional k-vector space, and
[16, 5.5] the dimension of this vector space is equal to the number of copies of L in the direct-sum
decomposition of E.

We encode all the above data into a graph, called the Auslander—Reiten quiver of R.

Definition 1.4. Assume R is an isolated singularity. The AR quiver T' of R is a graph consisting
of vertices, arrows, and dotted lines. The vertices are the isomorphism classes of indecomposable
MCM R-modules. We draw n arrows [A|—[B] if and only the dimension of the k-vector space of
irreducible homomorphisms A— B is n. We draw a dotted line between [A] and [B] if A= 7(B).

The following lemma will be essential to understanding the structure of the AR quiver.

Lemma 1.5 ([16, 5.9]). Assume R (complete with algebraically closed residue field) is an isolated
singularity. Then the AR quiver T' of R is a locally finite graph (that is, each vertex of T' has only
finitely many arrows starting from it or ending in it).

2. A BRAUER-THRALL THEOREM IN MIXED CHARACTERISTIC

In proving that certain complete equicharacteristic hypersurfaces have finite Cohen-Macaulay
type, Y. Yoshino (like R.-O. Buchweitz, G.-M. Greuel and F.-O. Schreyer [2]) uses the following
theorem [16, 6.2]:

Theorem 2.1. Let R be a complete equicharacteristic CM local ring. Assume that R is an isolated
singularity and that the residue field is algebraically closed. Let T' be the Auslander—Reiten quiver of
R, and assume that T'0 is a connected component of T' with bounded multiplicity type. Then T® =T
and T is a finite graph. In particular, R has finite CM type.

In the statement of Theorem 2.1, to say that I'? has bounded multiplicity type means that there
exists an integer a such that for any [M] in T, e(M) < a. Recall that the multiplicity e(M)
of a module M over a local ring R is the d*® derivative of the Hilbert polynomial of M, where
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d = dim(R). If R is an integral domain (or, more generally, if M is free of constant rank at the
associated primes of R), then e(M) = e(R) - rank (R).

All issues of connectedness in T" refer to the undirected graph obtained by replacing each arrow
by an undirected edge and ignoring the dotted lines.

Theorem 2.1 is called a Brauer—Thrall type theorem in [15], by analogy with the First Brauer—
Thrall Theorem in the representation theory of Artin algebras. We will use a result of this form to
help us classify the mixed characteristic hypersurfaces of finite CM type. See Theorem 2.9.

o The following notations will be in effect for the rest of this section. Let V' be a complete discrete
valuation ring of characteristic zero with uniformizing parameter m and algebraically closed residue
field of characteristic p > 0. There will be certain restrictions on p in what follows. Let R be a
one-dimensional hypersurface over V, that is, R = V[[y]]/(f(y)) for some non-zero power series f
in the maximal ideal of V[[y]]. Denote the maximal ideal of R by m. We assume that 7 is not a
factor of f, that is, 7 is a nonzerodivisor in R.

Note first that we may assume that f is a monic polynomial in y with coefficients in V. Write
[ =202 g upmy™, where the a, are nonnegative integers and u,, are units of V. Since m does not
divide f by assumption, a,, = 0 for some n > 0. Let m be the smallest integer such that a,, = 0.
Then f is reqular of order m (see [9, IV]). By the Weierstrass Preparation Theorem ([9, IV, 9.2]),
there is a linear change of variable, o, such that R = V([[y]]/(c(f)) and o(f) is a monic polynomial
of degree m in which the coefficient of 3* is divisible by 7 for each i < m.

It follows from [9, IV, 9.1] that R is a finitely generated V-module, generated by {1,y,... ,y™ '}.

Recall that the Noether different Ny (R) of R over V is defined as follows: let u: R @y R—R
be the multiplication map, and let J be the kernel, so we have the exact sequence

0 s J s Ry R — X5 R s 0.

Set Ny (R) = p(Anngg, r(J)).

Our interest in the Noether different Ny (R) stems from the fact that reduction modulo a nonze-
rodivisor z contained in Ny (R) induces an embedding of the category of MCM R-modules into the
category of R/(x)-modules. Such an element z is called an efficient parameter by Yoshino [16]. The
embedding will preserve indecomposability and multiplicity, and will allow us to apply a lemma
due to Harada—Sai [6] to prove a version of the Brauer—Thrall theorem.

The key fact about the Noether different is the following from [11, Section 11.5].

Lemma 2.2. Let V and R be as above, and let M be an R®y R-module. Then Ny (R) annihilates
the Hochschild cohomology H{,(R, M) for all i > 0.

En route to identifying an efficient parameter, the following easy lemma will be useful.
Lemma 2.3. With notation as above, f'(y) € Ny(R).

Lemma 2.4. Let V and R be as above, and further assume that R is reduced. Then there is an
integer t such that ©* € Ny (R).

Proof. Let K denote the quotient field of V. Then R[r~!] = K[y]/(f(y)) is a finite-dimensional
K-algebra. It is easy to see that, since f is irreducible over V, f is also irreducible over K.
So K[y]/(f(y)) is a simple field extension of K. Since K has characteristic zero, the extension
is separable. Thus there exist polynomials g and h in K[y| such that gf + f'’h = 1. Clearing
denominators and killing f, we see that, for some ¢, 7! is in the ideal of R generated by f'(y). O
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The proofs of the following two statements are identical to those in [16]

Proposition 2.5. Let V and R be as above, and let M and N be MCM R-modules. Assume that
7t € Ny (R) for some t > 1. Then for any homomorphism ¢ : M/t M—N/n?' N, there erists a
homomorphism v : M—N such that ¢ ®g R/(n') = ¢ ®g R/(7").

Corollary 2.6. Let V and R be as above, and assume that w¢ € Ny (R) for some t > 1. Let M be
a MCM R-module. Then M is indecomposable if and only if M /m?* M is indecomposable.

o For the rest of this section, we fix an integer ¢ such that 7t € Ny (R). Further assume that R is
an isolated singularity (i.e., reduced), so that R admits AR sequences. Let I" be the AR quiver for
R, and let T'? be a connected component. Assume that I'? has bounded multiplicity type, that is,
there exists an integer a such that e(M) < a for any vertex [M] in T'?. Then for any such M, the
length £(M /7% M) is bounded above by ab, where b is the smallest integer such that (7,y)? C 7%R
[16, 1.7].

In what follows, call a homomorphism ¢ between two R-modules trivial modulo 7% if ¢ Qg
R/(m%) = 0. The next result is referred to as a Harada—Sai Lemma in [15]. The original Harada—Sai
Lemma is as follows [6]: Let S be a Artinian ring and fix a nonnegative integer r. Let N;, 0 <7 < 27,
be indecomposable nonzero finitely generated S-modules such that 4(N;) < r fori=0,...,2", and
let g; : Ni_1—N;, ¢ = 1,...,2", be homomorphisms which are not isomorphisms. Then the
composition gargor_1 - - gagy iS zero.

Lemma 2.7. [15, 6.20] Keep the notation introduced thus far, and fiz an integer v > 0. Let
M;, 0 < i <27, be indecomposable MCM R-modules, and let f; : M; 1—M;, i = 1,...,2", be
homomorphisms which are not isomorphisms. Assume that £(M;/7?M;) < r fori = 0,...,2".
Then the composition for for_1--- faf1 is trivial modulo 72t.

Proof. In order to apply the original Harada-Sai Lemma to S = R/(n?), N; = M;/n*M;, and
gi = fi ®r S, we need only show that M;/n* M; is indecomposable for i = 0,...,2", and that
no f; ®g S is an isomorphism. The first statement follows from Corollary 2.6. For the second,
assume that f; ® g S is an isomorphism for some i. Then by [3, 21.13], f; is an isomorphism, a
contradiction. |

Lemma 2.8. Keep the notation introduced thus far. Let M and N be two indecomposable MCM
R-modules, and let p : M— N be a homomorphism that is not trivial modulo ©*. Then [M] € T?
iff [N] € T°. Moreover, if either is in T, then [M] and [N] are connected by a path in T of length
less than 270,

Proof. First assume that [N] is in T. Fix a non-negative integer n, to be determined later. Assume
there is no path IT in the undirected graph I such that (1) II connects [M] to [N] and (2) II has length
strictly less than n. We claim that there is a chain of homomorphisms between indecomposable
MCM R-modules

fn fn—l

(3) M4 nN, N, s N,

s No=N
such that each f; is irreducible and the composition fifs - fng is not trivial modulo 72t

We construct the chain (3) by induction on n. If n = 0, then we take g = ¢, so there is nothing
to show. Assume n > 1. By the induction hypothesis, there is a chain

M4 N,_, NN, y N y Ng= N
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such that each f;, ¢ = 1,--- ,n — 1 is irreducible, each N; is indecomposable, and the composition
fifa- -+ fn—1g is not trivial modulo 7%!. The assumption that there is no chain in the AR quiver of
length less than n implies that ¢ is not an isomorphism. We will extend this chain.

First suppose that N, 1 is not free. Then there is an AR sequence

(4) 0 y L y E —21 5 N,y —— 0

ending in N,,_;. Write E as a direct sum of indecomposable MCM R-modules, E = @;_; E;. Then
we can decompose ¢ = ».;_, g;, where each ¢; : E;— N, 1 is an irreducible homomorphism by
Lemma 1.3. The homomorphism g : M —N,,_; is not an isomorphism, so is not a split injection
since both modules are indecomposable. The defining property of the AR sequence ending in N,
then implies the existence of a homomorphism h : M— FE such that the triangle

! Nn—l
‘\h\ /
M

commutes. Write h = >_7_, h; for homomorphisms h; : M—E;. Since (4) is not split, no h; is an
isomorphism. Since fifa -+ fn_1g is not trivial modulo 7%, fifs--- fn_1(gh) is not trivial modulo
n?t. Then fifa- - fn_1(g;h;) is not trivial modulo 7% for some j, 1 < j < s, and we have the chain
of homomorphisms

E

q; frn-1 f1

hy
> Bj > Npog ——— +++ > Ny

M y No=N

such that p; is an irreducible homomorphism between indecomposable MCM modules, h; is not
an isomorphism, and the composition is not trivial modulo 72¢. We have extended the chain and
completed the proof of the claim in the case where N,, 1 is not free.

Now suppose that N, 1 = R is free. Then since g is not an isomorphism, g(M) C m, the
maximal ideal of R. Since dim(R) = 1, m is a MCM R-module, and we have

g R
N
m

where h is the natural inclusion. We claim that h is irreducible. Suppose there is a factorization

i R

X
with X a MCM R-module. If § is not a split surjection, then S(z) = z for each x € m, and
Ba(m) = m, so « is a split monomorphism. This shows that the inclusion h : m— R is irreducible.
Decompose m = ;_; E; with each E; indecomposable, and write ¢’ = >°7_, g5, h = >.7_; h; for

maps g; : M—E; and h; : E;— R. Then, as before, fifs--- fn_lhjg;- is nontrivial modulo 72t for
some j, and each h; is irreducible. This extends the chain (2) and completes the proof of the claim.

M

m
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Suppose now that [M] ¢ T0. Put n = 2%. Since there is no path T in T' of length less than n that
connects [N] to [M], we obtain the chain of homomorphisms (3). Since fif2- - fng is non-trivial
mod 7%, so is fifa:-- fn, and we have a contradiction to Lemma 2.7.

Suppose, conversely, that [M] € T'?. We use an argument exactly dual to the one above to prove
that [N] € T?: The claim this time is that if there is no path of length less than n connecting [M]
to [N], then there is chain of homomorphisms between indecomposable MCM R-modules

M=M, I v —25 ... M, s M, 9 N

such that each f; is an irreducible homomorphism, g is not an isomorphism, and the composition
is not trivial modulo 7. O

Theorem 2.9. Let (V,7) be a complete discrete valuation ring with algebraically closed residue
field, and set R = V([[y]]/(f) for some non-zero non-unit f € V[[y]]. Assume that R is reduced and
that 7 is not a factor of f. Let T be the Auslander—Reiten quiver of R, and let T be a nonempty
connected component of T' with bounded multiplicity type. Then T =T and T is a finite graph. In
particular, R has finite CM type.

Proof. Let M € 9. Then, by Nakayama’s lemma, there exists an element € M \ 72 M, so there
is a homomorphism ¢ : R— M, taking 1 to z, such that ¢ is nontrivial modulo 7?!. Lemma 2.8
shows that [R] € T'°. Then for any [N] € T we can define a homomorphism % : R— N in the same
way and deduce that [N] € T'°.

To see that I is a finite graph, note that by Lemma 2.8, any vertex of I is connected to [R] by a
chain of arrows of length less than 2%°. Since I' is a locally finite graph (Lemma 1.5), T is finite. [

3. MixeED ADE SINGULARITIES

The goal of this section is to compute the Auslander—Reiten quivers of the mixed ADE singu-
larities, and thereby show that they have finite CM type. The mixed ADE singularities are the
natural generalizations of the simple plane curve singularities over a field, which are known to be
precisely those plane curve singularities of finite CM type (see the introduction). All our proofs in
this section are modeled on those in [15] and [16].

Definitions and Preliminaries. Throughout this subsection, we keep the notation of Section 2:
Let (V,7) be a complete discrete valuation ring of characteristic zero and residual characteristic
p > 0. Let R = V][[y]]/(f) be a hypersurface over V, where f is a non-zero non-unit of S = V{[[y]].
We always assume that f is square-free, that is, R is an isolated singularity.

Definition 3.1. We say that R is a mixed ADE singularity if R is isomorphic to one of the
following.

(Ap) y?+att (n >2) (A) w4yt n > 2)
(Dn) 7y +7"72) (n>4) (D)) y(r®+y"2) (n>4)
(Be) y*+n? (Eg) = +y*

(Er) y(y®+7%) (EL)  w(n® +yP)

(Bg) y*+7° (Eg) = +4°
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In order to apply Theorem 2.9 to conclude that the Auslander—Reiten quivers of these rings are
connected, we need to know that m is not a zerodivisor. This rules out the equations (D,) and
(E%); we will deal with these separately.

We now briefly review some relevant facts about Auslander—Reiten quivers in the specific context
of this section.

Lemma 3.2. The AR translation of a nonfree indecomposable MCM R-module M is given by
(M) = syzhL(M).

Proof. In general (Lemma 1.2), 7(M) 2 (syz4tr(M)), where d = dim(R), tr is the Auslander
transpose of M, and (—)' means the canonical dual Homg(—,wg). By definition of the Auslander
translation, dualizing a minimal free presentation F; — Fy - M — 0 of M into R gives

(5) 0 > M* s By y Ff —— tr(M) — 0.

Since the original resolution was minimal, (5) is as well and therefore is a minimal free resolution
of tr(M). The first syzygy in this sequence is thus syzL(tr(M)), which, since R is Gorenstein, is
isomorphic to 7(M)*. Dualizing again gives 0 — 7(M) — Fy - M — 0, so 7(M) = syzL(M). O

We also use the following two more general facts. The first tells us how to identify the AR
sequence ending in a given module if we run into it on the road, and the second gives a map to find
it.

Let M be a nonfree indecomposable MCM R-module. The AR sequence ending in M can be
represented by an element of Exth(M,7(M)). Since M is locally free on the punctured spectrum
of R (Lemma 1.1), Ext}k (M, 7(M)) has finite length. In fact, the proof of [16, 3.11] shows that the
socle of Exth (M, 7(M)) is a one-dimensional vector space over the residue field of R. Choose a
generator s for this socle. Then [16, 3.11] s represents the AR sequence ending in M.

The second fact deals with the theory of matrix factorizations over the hypersurface R = S/(f).
We refer to [16, Chapter 7] for the details.

Let M be a MCM R-module with no nonzero free summands. There is an exact sequence of
S-modules

0 — s §m _?, gm M 50

where m is the number of generators required for M. We can regard ¢ as an m X m matrix with
entries in the maximal ideal of S. There is another m X m matrix ¥ such that both compositions
¢y and Yy are equal to f times the identity matrix. The pair (p, ) is called the reduced matriz
factorization corresponding to M, and we write M = Coker(yp, ¥).

Suppose now that N is another MCM R-module with no nonzero free summand, with corre-
sponding reduced matrix factorization (¢, '), and suppose h : N — syzh(M) is a homomorphism.
Since the resolution of M is periodic of period 2 [16, Chapter 7], syzy(M) = Coker(¢, ¢). We can
choose homomorphisms a and 8 to make the following diagram commute:

sm ¢, gm - N —— 0
sl el d
sr Y, gn » syzh(M) —— 0.




MIXED CHARACTERISTIC HYPERSURFACES OF FINITE CM TYPE 9

Since M is its own second syzygy, we have an exact sequence
(6) 0 — M — R" — syz x(M) — 0.

Applying Hompg(N, —) induces a surjection p : Hompg(N, syzk(M)) — Extk(N, M) (recall that R
is a hypersurface, hence Gorenstein, so Ext}{(N ,R™") = 0). Now, the image of the map h under
p can be represented by a short exact sequence 0 - M — L — N — 0, which corresponds to a
pullback of (6) by h.

Then L is a MCM R-module, and [16, 7.8] the reduced matrix factorization corresponding to L

= ([52]-[557))

The (A,) singularities, n even. Let R = V[[y]]/(y* + 7#""!), where n > 2 is an even integer.
Assume that the residue field characteristic p is not equal to 2. Then R is a singularity of type
(A,). We will show that R has finite CM type. The polynomial y? + 7! has no linear factors,
since n + 1 is odd. Therefore, we have matrix factorizations of y2 + 7™*! of the form

y ow
(7) (2 |:7rn—j—|-1 —y

and we will see that these are all the matrix factorizations up to equivalence. Set M; = Coker ¢;.
Since elementary row and column operations transform ¢; into ¢p_j11, M; = My_j1q for 0 < j <
n/2. Further, each M, is indecomposable; a decomposition would lead to a linear factorization of
f. Finally, note that My & R, and each M is isomorphic to the ideal (y, 7/)R.

We now compute the AR sequence ending in M;. Choose j > 1. Since M is isomorphic to its
own first syzygy, we have an exact sequence

], 0<j<n+l,

(8) 0— M; — R* — M; — 0.

Consider the two endomorphisms of M; & (y, n?) given by multiplication by —y and multiplication
by 7. We claim that the pullback of (8) given by either of these endomorphisms is a split exact
sequence. We need only show that each of these endomorphisms of M; factors through the free
module R%. Define a map M; — R? by  — (7*); then composition with the surjection [y 7] :
R? - M; is equal to multiplication by —y. On the other hand, the map M; — R? taking z € M;
11:;)2(7rn9j$) gives a factorization of the map given by multiplication by 7™ through the free module

Let h be the endomorphism of M; defined by multiplication by 7™ /y, an element of the total
quotient ring of R. Then yh is multiplication by 7", and 7h is multiplication by —y. By the
previous paragraph, the images of yh and mh in Extk (M}, M;) are zero. This shows that the image
of h is in the socle of Ext}%(Mj, M;). If we show that the pullback of (8) by h is not a split sequence,
then we will have shown that the image of A in Ext}%(Mj,Mj) generates the socle. We can take

B=—-a= [77:,’1_ i 7,]'0— 1] in (3) to represent h as a pair of maps between free modules. Thus pulling
back by h gives a short exact sequence 0 — M; — L — M; — 0, where
Y 7l 0 i1
gttty i 0
L = Coker 0 0 y i

0 0 gnItl —y
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It is a fairly straightforward matrix-equivalence computation to check that L is isomorphic to
Mj_l D Mj_|_1. To wit:

Y wJ U w1 [y 0 0 w1
an=Iitl gy gnd 0 | _ 0 -y - 0| .

0 0 Y ) ym -7 Y mJ

0 0 qnitl —y a2 ym i+l —y

Y 0 0 i1 [y =t 0 0

0 -y a0 a2y 0 U

0 -l Y 0 0 0 -y -
It 0 0 —y| | 0 0 - g

Since the result of the pullback by h is not split, the AR sequence ending in M; is indeed 0 —
M; — M; 1 ® Mj11 — M; — 0. Hence we can draw a connected component of the AR quiver for

R. )

Re=Mi =My - =My

" (A,) for even'n’
By Theorem 2.9, this is the complete quiver. Thus R has finite CM type.
The (A,) singularities, n odd. Let R = V([[y]]/(y* + #"*1), with n an odd positive integer.
Assume that V has residue field characteristic greater than 2. Then V contains an element i such
that i2 = —1 (the residue field does, and use Hensel’s Lemma to lift it back up to V). Now, R is

no longer a domain, for we have y2 + 771 = (x("+1/2 4 i) (n(n+1/2 _ 4.
Set

Ny = R/ /2 4 iy)
N_ = R/(ﬂ_(n—l—l)/2 B iy)

ﬂ'j .
w=[7rnyj+1 _ ] l<jsn+l

Y
M; = Coker ¢;.
Then, as before, M; = M,,_;1 is an ideal for j =1,... ,(n + 1)/2, and My = R. Furthermore,

y r(nt1)/2
P(n+1)/2 = | 7(n+1)/2 —y |7
_y _ i7T(n+1)/2 7l'(n+1)/2 + zy_ N [ 0 ,n.(n—}-l)/Z + ’Ly N
71-(""'1)/2 —y ] _ﬂ_(n—i—l)/2 — iy —y

0 7r(n+1)/2 + zy_ i 0 7r(n—|—1)/2 o ’Ly
_ﬂ.(n—{—l)/2 — iy —%y ] ~ _W(n+1)/2 —iy —y+ ir(tD)/2 ~

0 ﬂ.(n-l-l)/2 o iy_
_ﬂ.(n-f—l)/2 _ zy 0

SO M(n+1)/2 =~ N_|_ (&>} N_.
Since they arise as matrix factorizations, N, N_, and M; are all MCM R-modules. The AR
translations are given by 7(—) = syzL(—), so 7(M;) = M;, 7(N4+) 2 N_, and 7(N_) = N,.
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As in the case where n is even, the AR sequence for M; is 0 — M; — L — M; — 0 where

Y 7l 0 ni=1
ﬂ.n—j—|—1 _ _,n.n—j+1 0
L = Coker 0 Oy y ol =M1 ® M.
0 0 gnitl _y

To compute the AR sequence ending in N, consider the endomorphism h of N, given by
multiplication by #(®~1)/2. We have vh = 7(»*1)/2 and yh = yx(»1/2_ Pulling back the short
exact sequence 0 - N_ — R — N, — 0 via 2¢y gives a middle term with presentation matrix

r(nt1)/2 4 gy 2ty a(nt1)/2 4 gy 0
0 At )/2 g | 0 an /2 gy |

so multiplication by 2¢y splits the resolution of N, . It follows that y splits the sequence, since 2¢ is
a unit, and so yw(®1)/2 does as well. We also have yN, = y(x(*T1D/2 — iy )g(n+D)/2(z(n4+1)/2 _ 4oy
so yN; = x#(*V/2N, = This shows that the map 7h = 7(»*1/2 also splits the exact sequence
0 - N - R— Ny — 0. It remains only to show that pulling back via h does not split the
sequence, and we will have that h generates the socle of Ext}{(N+, N_). The sequence obtained by
pulling back via h is 0 - N_ — P — N, — 0, where

(n+1)/2 4 (n—1)/2
_ ™ + 1y ™ o
P = Coker [ 0 S(n+1)/2 _ iy] =
. (n—1)/2 ; (n—1)/2-1
1y m ~ 1y m o
Coker _7.{.(71—1)/2 + zyﬂ' 71-(""'1)/2 . Zy:| = Coker |:—7'r(n_1)/2 _ly :| =

~
= Mnp/2—-1-

Since this is nonsplit, 0 - N_ — M(,_1)/2 = N4 — 0 is the AR sequence ending in N, . Taking
syzygies, we see that the AR sequence ending in N_ is 0 = Ny — M(;,_1y/2 = N_ — 0.
Thus a connected component of the AR, quiver for R is as follows.

(A,) for odd n

By Theorem 2.9, this is the whole quiver, and so R has finite CM type. This completes the (A,)
singularities.

The (Al) singularities. Let R = V[[y]]/(7?+y™"!). Assume that the residue field characteristic
p does not divide n + 1. The matrix calculations of the previous section hold true if y and 7 are
interchanged, so R has finite CM type.
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The (D,,) singularities, n even. Let R = V[[y]]/(y?m + 7" '), where n > 4 is an even integer.
Assume that the residue field characteristic p is not equal to 2. As before, there is an element 7 in
R such that i? = —1.

Since 7 is a zerodivisor in R, we cannot apply the methods of the previous section to draw
a connected component of the AR quiver for R and conclude that it is the whole quiver using
Theorem 2.9. Instead, to show that R has finite CM type we use a pair of criteria due to Drozd
and Roiter.

Theorem 3.3 ([14, Theorem 3.3]). Let (R,m) be a one-dimensional reduced local ring whose in-
tegral closure R is finitely generated as an R-module. Let pr(M) denote the number of generators
required for M as an R-module. Then R has finite CM type if and only if the following two condi-
tions hold. _

(DR1) pr(R) <3

(DR2) pr((mR+ R)/R) <1.

In our context, R is a complete one-dimensional reduced local ring, so R is always a finitely
generated R-module [10, p. 264]. The condition (DR1) says simply that R has multiplicity at most
3, clearly true in this case. To verify (DR2), we must find generators for R as an R-module.

Note that since n is even, R has three minimal primes: p = (7)R,q = (y + i#(* 2/2)R, and
t = (y—in(»=2)/2)R. The natural embedding of R into its total quotient ring Q(R) factors through
the product T'= R/p x R/q x R/t. Since T is a module-finite extension of R which is contained in
Q(R), R=T. But

F 2 (V)] x Vil (y +in® /%) x V[gl)/(y — inD/2)

is a direct product of discrete valuation rings, so is integrally closed. So R =T. As an R-submodule
n/2 pn-2

of Q(R), T' is minimally generated by {1, -, y—2} It is now easily checked that (mR + R)/R
requires exactly one generator, % By Theorem 3.3, R has finite CM type.

The (D,,) singularities, n odd. Let R = V[[y]]/(y*7+7""1), where now n > 4 is an odd integer.
We again use Theorem 3.3 to show that R has finite CM type.

Since n is odd, R has only two minimal primes, p = (7)R and q = (y? + 7" 2). The integral
closure of R is thus equal to the integral closure of T'= R/p x R/q. In this case, T is not integrally

closed. The integral closure of R/q = V[[y]]/(y? + 7" 2) is easily see to be generated by 7r(n<;1)/2.

Generators for T as an R-module are then {1, W, ”Z—;z} As before, criterion (DR2) now easily

verified, so R has finite CM type.
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The (D!)) singularities, n odd. Let R = V{[[y]]/(yn? + y™ 1), where n > 4 is an odd integer.
Assume that the residue field characteristic p does not divide n — 2. Set

a=[y]

B=[r"+y

Soj:_ynzrj—2 E/:r], 0<j<n-3
9) 1/’j::yngi7jr—l y_];] 0<j<n—3

Xj::ynzrj—l _ygjw], 0<j<n—3

njz:yﬂ_l f;] 0<j<n—3.

It is easy to check that (o, 8), (8, ), (¢;,%5), (¥4, 5), (x4,m), (n;, x;) are all matrix factorizations
of yr? + y™ 1. Put

A = Coker o, B = Coker j,
(10) M; = Coker ¢j, N; = Coker 1,
X; = Coker x;j, Y; = Coker ;.

There is some collapsing here: My = B, No = A® R, and Xo = Yy = R. Also, X, 1)/2 &
},(nfl)/% Mj = Mn,jfz, Nj = Nn,jfz, and }’] = anjfl fOI' _] = O,...n — 3. Finally, before
we compute the AR sequences, note that M, is isomorphic to the ideal (ym,y/*1)R, and Y; is
isomorphic to (7,3’)R.

Using the fact that 7(—) = syzh(—) by Lemma 1.2, we can see that our collection of modules is
closed under AR translations. We now compute the AR sequences.

Note that B is isomorphic to the ideal (y)R. Consider the first part of a free resolution of B:
0+ A— R— B — 0. The endomorphism of B given by multiplication by 72 factors through the
free module R via & — —y" 2z. Similarly, the map on B given by multiplication by ym factors
through R via x — mx. Hence both of these endomorphisms of B split the resolution of B. We
will show that the short exact sequence given by pulling back the map given by multiplication by
7 represents the socle element of Exth(B, A). The middle term of this sequence has presenting

matrix [g Z] = [”2+gn_2 Z] ~ [yj; ;‘] . This is the presenting matrix for X7, so the result of

pulling back via 7 is nonsplit, and 7 maps to a nonzero socle element of Ext}%(B ,A). Thus the AR
sequence ending in B is 0 - A — X; — B — 0. Taking syzygies gives the AR sequence ending in
A:0—-B—-Y, - A—0.

On to the M;’s. Recall that M; = (ym, y/THR. We have the exact sequence 0 — N; —
R? - M; — 0. The endomorphism of M; given by multiplication by —ym factors through the free
module R? via = — (_0”3), while the map given by multiplication by 72 factors through R? via

7yn—2z
oo (0

by either of these splits a free resolution of M. If we show that pulling back by —m does not split
that resolution, we will have identified the element that generates the socle of Extk(M;, N;).

). Thus multiplication by both —ym and 72 factor through R?, and so pulling back
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The map given by multiplication by —m has a matrix factorization (-y,d), where § = —y =

_yn—j—2 0
has presenting matrix

[ °o.,Y ] and so the middle term of the short exact sequence obtained by pulling back via —=

s J 0 J
@; ) 1 yn—j—2 ?_Jﬂ_ _yn—j—2 %
O I 0 yr oyt
| 0 0 gyt —yrn
[ x yJ 0 yl ] [ x ) 0 yl ]
yn—j—2 —r _yn—j—2 0 0 - _yn—j—2 0
—yr  —yitl ym 0|~ 0 —ydtl ym 0|~
| 0 et N I/ U A .
[ x yJ 0 yl ] B 0 0 yl ]
0 A A VI 0 VA A VI
0 —yitl ym 0 0 —yitl ym 0
_y"fj*1 —ym 0 —ym | _y”fj*1 0 0 —yT
Tyt 0 0]
y"I"2 —yrm 0 0
0 0 ym y’
0 0 gyt — |

which is the presenting matrix for X;,; @ Y;. This shows that the image of —7 generates the socle
of Exty(M;, N;), and the AR sequence ending in M; is 0 — N; — X;11®Y; — M; — 0. For N;, we
can just take syzygies in the AR sequence ending in M;. This gives0 — M; — Y; 1 1®X; = N; =0
for the AR sequence ending in N;.

Next we consider Y;, which is isomorphic to the ideal (, y/)R. Pull back the resolution 0 —
X; — R? — Y; — 0 via the map given by multiplication by y7 on Y;. Since ym factors through R?
via z — (), the result splits. Now pull back by the map given by multiplication by m>. Again,
z+— (%) is a map Y; — R? which factors 72, so the result splits.

We now show that the result of pulling back by 7 is not split, so that multiplication by 7 on
Y; gives the socle element of Ext}%(Yj,Xj), that is, the AR sequence ending in Y;. We can write

m = Coker(v,d), where v = (_yn(lj_z yj) and § = (yn_oj_1 _yé_l). A presenting matrix for the

middle term of the extension obtained by pulling back by 7 is thus

T ) 0 —yi 1] [ yl 0 —yi 1
yn—j—l —ym yn—j—l 0 N yn—j—l —yﬂ yn—j—l 0 N

0 0 ym Y ym —yitt oy 0

0 0 gt T _—y"‘j_l ym 0 —T

T 0 0 -1 [ = —yi71 0 0

0 —yr Yyt 0 | =yt 0 0

0 yitl ym 0 0 0 A T
—yn It 0 0 - | | 0 0 Yyt yr
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This is the presentation matrix for M;_; & Nj, so the AR sequence ending in Y} is 0 — X; —
M;_1®N; — Y; — 0. As before, we take syzygies to see that the AR sequence ending in Xj is
0—-Y; >N 10M; - X; = 0.

This allows us to draw a connected component of the AR quiver for R.

A
Y Ml Yz
X, N — X,
)~
R

(D},) for odd n

M —3)/2
; %
X(n-1)/2
é A//7
Nn—3)/2

The (D)) singularities, n even. Let R = V[[y]]/(yn? + y™ 1), where n > 4 is an even integer.
Assume the residue field characteristic p is not 2. Then, as in the A,, singularities with n even, V
contains an element ¢ whose square is —1. Define A, B, M;, N;, X;, and Y; as in (9) and (10).
Also let
C, = Coker(y(m + iy(=2/2))
Cc_= Coker(y(7r - zy(" 272y
D_ = Coker(r — iy("=2)/2)
D, = Coker(m + zy("_2)/2)
Then, as in the case of n odd, My £ B@ R, Ng = A, and Xo =Yy = R. Also, X(,,_1)/2 = Y(n_1)/2,
M; = My, j o, .Nj =Ny jo, Xj=2Y, j1,and Y] = X, j1. Furthermore, M; is isomorphic to
the ideal (ym,y’ ') R, and Y; is isomorphic to (7, y)R. In this case, however, Mp_2)2 2D, ®D_
and N(n72)/2 = C+ D C,.

We already know that we have AR sequences
0>A—-X;—>B—0
0>B—->Y;—>A—0

(11)

(12)

and, for j # (n —2)/2,

0—>N; = X;n1®Y; > M; =0
0->M;—>Yj 106X; > N; =0
0—-X;>M; 1®&N; -Y; -0
0—=Y; >N 1@ M; — X; —0.

(13)

All that remains is to compute the AR sequences ending in Cy and D.. Clearly the AR
translation of Cy is Dy, and vice versa. From the decompositions M, 2y/2 = Dy @ D_ and
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N(n—2)2 = C1 & C_ we get AR sequences
0= Dy =X(p_g)2 >C+ —0
0—=D_ =X 92 >C-—0
0—Cy =Yn_92 =Dy =0
0—C- =Yy, 92> D-—0
Note that Y(,,_2)/2 = X;,/2, so we get the following connected component of the AR quiver.

A Cy
g M Y Yin-2)/2 D,

Xl Nl Xz e X(n;2)/2 C-
R/ T~

(D},) for even n

The (E¢) singularity. Let R = V|[[y]]/(y® + 7?), assume p # 3, and let

2
_ |1y 7 |y o7
P1= |43 _yz] Y1 = 3 —y]
i 2 2 .2
_ |1y T |yt w
w2 yn? ™ 0 Y
a = |yr —n? ¢? B =y -7 0
_y2 —ym -7 0y -7
[ 0 [ 0 ym
0 P2 | 0 2

Then each pair (¢;, ), (o, B), (x,n) is a matrix factorization of y® + 7. Let M; = Coker ¢;,
N; = Coker ¢;, A = Coker a, B = Coker 3, X = Coker x, Y = Coker 7.

We can identify these modules more clearly. It is easy to check that M; = (y%, m)R, Ny = (y, )R,
Ny = My = (y?, )R, B = (y?,ym,7%)R, and A has rank 2. Also, X & Y. Using the fact that
7(—) = syzp(—) we can see that our collection of modules is closed under AR translations. We
now compute the AR sequences.

Begin with Ny & (y,m)R. A presentation of Ny is given by 0 — M; — R?2 — N; — 0. When
we pull back along the endomorphism of N; given by multiplication by —73, we see that the map
N; — R? given by « + (_%_) factors —m® through a free module. Similarly, the map given by
multiplication by y? on N; factors through R? via z — (% ).

We will show that the endomorphism h of N; given by multiplication by —=2/y gives the socle
element of Exth(Ny, M), that is, the AR sequence ending in N;. Note that yh = —7% and
wh = 3%, so we need only show that pulling back by h does not split the short exact sequence
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0 — M; — R?2 — N; — 0. We can write h = Coker(y, §), where v = [732 (1)] and § = [y22 _01]. A

presenting matrix for the middle term of the AR sequence ending in Nj is

0 —11 y ow 0 -1
e1 [ 2 ] ™ —y® yr® 0
ym 0 ~ 2 ~
" 0 0 Y T
dolooo o m oy
0 0 0 —1] [0 0 0 -1
w —y? oy 0 -y yr? 0 N
—yr -7 Y o« —yr —m% 2 0
v yr w —y| |y yr w0
1 0 0 0 ]
0 7'{'3 y2 y7T2
0 yr —m2 o2
0 y* —yr —m%

Since this is the presenting matrix for A, the AR sequence ending in N7 is0 — M; - A — N; — 0.
As always, we take syzygies to see that the AR sequence ending in M; is0 - Ny - B& R —
M1 — 0.

Now we compute the AR sequence ending in My = (y%, 72)R. The resolution of M, starts out
0 — My — R? — M, — 0. Pull back along the endomorphism of M, given by multiplication by 32.
This map factors through R?, using = + (§) for the splitting map My — R2. Similarly, the map
T+ (_9“) factors the map given by multiplication by —n® through R2.

These two maps are mg and yg, respectively, where g is the endomorphism of M, given by
multiplication by —73/y. We will show that g gives the AR sequence ending in M. The map g has

associated matrix factorization (v,d) = ([,g,, 5], [2 _g"]), so the middle term of the extension

obtained by pulling back via g has presenting matrix n = [’%2 32] . Since this extension does not

split, g gives the socle element of Ext}k (M2, Ms), and the AR sequence ending in M, is 0 — My —
X — My — 0. (Recall that X =2Y".)

To finish the AR quiver, we use a process of elimination and count ranks. Consider the AR
sequence ending in A. The third term, A, has rank two and its first syzygy, B, has rank one. The
middle term, then, must have rank three. It has a summand isomorphic to M7, and the complement
U must have rank two. Considering the AR sequence for B, we see that the first syzygy of U must
have rank two as well. The AR sequences for N; and Ms don’t involve A, so U has no summand
isomorphic to either of those. The only option left is U = X. This gives the AR sequence ending
in A 0 > B> X&®&M — A — 0. The AR sequence ending in B is, taking first syzygies,
0-A—>X®dN, - B—0.

Finally, the middle term of the AR sequence ending in X must have rank four, and involves
summands isomorphic to A, B, and M,. Hence the AR sequence is

0-X—>AeBao M, — X —0.

The complete AR quiver is then as follows. We again use Theorem 2.9 to conclude that it is
indeed the whole quiver.
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B—— M,

N X\R

A—— Ny

(Ee)

The (Ef) singularity. Let R = V[[y]]/(7® + y*), and assume that the residue field characteristic
p is greater than 2. This case is exactly symmetric to the (Eg) case just completed. So R has finite

CM type.

The (E7) singularity. Let R = V[[y]]/(y® + y7m3). Assume that the residue field characteristic p

is not equal to 2. Define seven pairs of matrices over R:

(67

v

Y1

Y2

X1

X2

X3

As usual, we put

(14)

y] B =+

y?  ym 5 y W]

ym?  —y? m? —y
o P
-yﬂz g2 P _y7r2 —y

y 7!'2 y2 7.(.2:|

9 o N

YT~y ym —y

yr? —y? ™ 0 y

yr w2 —y? m —y yr 0

y:  oym ym’ 0 —y «
i y2 —72 —ym ] 0 T
yr y  —w? 2 —yr  y* 0
yr?  yr y? | 0 —ym y
[ y2 ymr 0w 0 _y T -7 0
y7r2 —y2 0 ™ w2 -y 0 -7

0 0 y x| ™ 0 0 gy yr
| 0 0 =% —y |0 0 yr?  —y?

A = Coker o, B = Coker 3
C = Cokery, D = Cokerd
M; = Coker pj, N; = Coker ),
X, = Coker xj, Y; = Cokern;.
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It is an easy exercise to calculate the multiplicities of these modules, using, for instance, [10,
14.7]. This will be useful later. We obtain

e(4) =1 e(B) =2

e(C) =14 e(D)=2

e(Ml) = e(Nl) = e(Mz) = 6(N2) =3
1s) eXi) =6  e(¥i)=3

e(X2) =5 e(Y2) =4

e(X3) =6 e(Ys) =6

The ring itself clearly has multiplicity 3. First we compute the AR sequence ending in A. The
beginning of a resolution of Ais 0 - B -+ R — A — 0. Since A = R/(y), pulling back along the
map given by multiplication by y certainly splits this exact sequence. Since y? kills A, we see that
73 A = (y? + w3)A. Therefore the map on A given by multiplication by 7® factors through R by
sending * € A to z € R, which then goes to (y?> + 7°)z = n3z. We will show that the socle of
Exth(4, B) is generated by the image of 72 € Hompg(4, A). A presentation matrix for the middle
term of the exact sequence obtained from 72 is [szg’Ts ";] ~ [er fzy] , which is the presenting
matrix for Ny. This exact sequence does not split, so the AR sequence ending in A is thus 0 —
B — Ny —+ A — 0. Taking syzygies gives the AR sequence ending in B: 0 -+ A — My — B — 0.
Next consider the AR sequence ending in D = (y2,ym)R. We will show that the image of 7
generates the socle of Ext}z(D,C). Multiplication by 72 on D factors through R? via the map

D — R? given by = (7;;772 ) Similarly, multiplication by y on D admits a factorization = —

(_”’({“3) through the free module R2. Thus both these maps give the zero element of Exth(D,C).
Now, pulling back by 7 gives a nonsplit extension with middle term

2 yr w0
yr?2 —y?2 0 7w
X3 = )
0 0 Yy 7
0 0 w2 —y

so the AR sequence ending in D is 0 - C — X3 — D — 0. Taking syzygies shows that the AR
sequence ending in C'is0 - D — Y3 - C — 0.

Next we compute the AR sequence ending in M; = (y2, m)R. Consider the endomorphism h of
M, given by multiplication by y?/7. Then yh is multiplication by —yn?, and mh is multiplication
by 32, both of which split a free resolution of M, as we shall show.

The map on M given by —yn? factors through R? via z — (_me), so gives the zero element of
Exth(My, N1). The map given by multiplication by y? admits a factorization z — (§) through R2.

So both of the maps yh and wh result in split exact sequences. All that remains is to show that

h does not split a resolution of M;. The map h is represented by the pair of matrices a = [_3?772 (1)] ,

B = [yow _Oy]. A presenting matrix for the middle term of the extension obtained by pulling back
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by h is then
TR 0 —y 0 0 0 0
yr? —y yr 0 N 0 = 0 y
0 0 Y T 0 —y ymr O
0 0 yn? —y? 0 0 —y «

This is the presenting matrix for R @ Y7, so the extension obtained by pulling back by A is not
split. Hence the middle term of the AR sequence ending in M7 is R & Y7, and the AR sequence is
0—> N, > RpY, —» M; — 0. Taking syzygies give the AR sequence ending in Ny, 0 — M; —
X1 > Ny — 0.

Continue with M, = (y2, 72) R. Define an endomorphism h of M by multiplication by y2?/m. Then
yh is multiplication by —yn2, and wh is multiplication by 2. The map given by multiplication
by —yn? admits the factorization # — (_J,) through the free module R?. Similarly, the map
x> (%) from M, to R? factors multiplication by y2. To show that h goes to the socle element of
Exth(Ma, N2), then, we need only show that i does not split a free resolution of M. A matrix

factorization representing h is ( [_(;/2 g] , [2 _g”] ) , and so the middle term of the sequence obtained

from h is presented by the matrix

y? 7 0 —ym y 0 0 0

yrm -y y O 0 ¢ —n —ym
0 0 y 2 ~ o ym y 2
0 0 yr —y? 0 yr?2 yr  y?

This gives the AR sequence ending in M3, 0 - Ny — A® X9 — My — 0, and the AR sequence
ending in N» by taking syzygies: 0 - My - B® Yy — Ny — 0.

In order to compute the rest of the AR sequences, we refer to the multiplicities calculated earlier.
Consider the AR sequence ending in Y3. Since Y3 and its first syzygy, X3, both have multiplicity
6, the middle term of the AR sequence must have multiplicity 12. We know that is isomorphic to
D @ U for some U, which must have multiplicity 10 and not involve any of the other modules we
have considered so far. Furthermore, its first syzygy must have also have multiplicity 10. It is an
easy process of elimination to see that the only possibility is U = X; & Y>. Hence the AR sequence
ending in Y3 is 0 - X3 — D @ X1 @ Yo — Y3 — 0. Taking syzygies gives the AR sequence ending
nX3: 003 >CY1 X — X3 —0.

Next consider the AR sequence ending in X;. The middle term must have multiplicity 9. We
already have arrows to X; from X3 and M;, and M; & X3 has multiplicity 9. This gives the AR
sequence 0 — Y7 — M; & X3 — X7 — 0. Similar reasoning gives the AR sequence ending in Y7:
0-Xi —>NpY;5—>Y; — 0.

Finally, the middle term of the AR sequence ending in Xs has multiplicity 9, and has direct
summands isomorphic to Ny and Y3, so is isomorphic to Ny @ Y;. Taking syzygies for the AR
sequence ending in Yo, we get 0 > Yo > No @ Y3 - Xo - 0and 0 —» Xg - My @ X3 — Yo — 0.

This completes a connected component of the AR quiver for R, and so we have the whole quiver
by Theorem 2.9.
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The (E}) singularity. Set R = V|[[y]]/(#3 + y37). The matrix calculations of the previous
section remain valid with y and 7 interchanged, but since 7 is a zerodivisor in R, we cannot apply
Theorem 2.9 to conclude that R has finite CM type. Instead, we use Theorem 3.3 as in the case of
the (D,,) singularities.

The minimal primes of R are p = (7)R and q = (72 + y3)R. Put T = R/p x R/q. Then

the embedding R—T induces an embedding R—T = R/p X R/q. Since R/p = (V/(x))[[y]], R/p
is integrally closed. The integral closure of R/q = V[[y]]/(7? + y3) is generated over R/q by o

Generators for T as an R-submodule of Q(R) are thus {1, o ’;—z} Criterion (DR2) is easily checked,
and so R has finite CM type.

The (Eg) singularity. Let R = V([[y]]/(y® + #°) with p # 3, a simple singularity of type (Eg).
Define matrices over R:



22 GRAHAM J. LEUSCHKE

r M2
_ 1Y T |y T
1 = -W4 _y22 P = -W: _g
_|¥y 7 |yt ow
P2 = 2| ey = ™ —y
™ —y 0 mt ymd y?
op =0 7 —y B =|—y* 7 yr
ly 0 71'3_ | —ym —y? 72
(7 —y 0] [t oyr? P
ag =10 7 —y Po = |-y m ym
ly 0 7Tz_ __yﬂz g2 73
[ 7 Y 0 73 [0 y2 7m0
|y 0 - 0 5 = —y?  ym 0 -
M =2 0 —2 0 L= lo -2 —y 0
| 0 —n? —yr —y? _7r2 0 T -y
[ 0 m [ 0 ym
o = |2 (_ywz 0) by = 2 (_Wz 0)
| 0 P2 | 0 P2
0 0 ym 0 0 —y
_ B |-y O 0 _ | [y 0 O
X1 0 —ym O n 0 yo O
| 0 o | 0 B2
m y? 0 —yr2 0 m —y 0 0 0
—y?2 oy 0 —n3 0 Y 0 0 72 0
X2 = 0 -7 —y 0 73 o = |- 0 —y* 0 -x°
—ym? 7 0 y? 0 0 -2 0 Y 0
_—7r3 0 —-n2 yr —y? | 0 0 T T —y

As always, we associate modules to these matrices by M; = Coker p;, N; = Coker;, A; =
Coker o, Bj = Coker 3;, C;j = Coker~;, D; = Cokeré;, X; = Coker x;, Y; = Cokern; for j = 1,2.

Some of these are ideals: M; = (y?,m)R, My = (y%,7%)R, N; = (y,m)R, Ny = (y,7?)R,
Ay = (y?,yn3, 7R, and Ay = (y2,y7n?, 7*)R. The C; and D; all have rank 2, as does Y>. The
remaining modules, X, Xo, and Y7, have rank 3.

Let’s compute the AR sequences ending in these modules, starting with M; = (y2, 7)R. Starting
from a free presentation of M, 0 — N; — R? — M; — 0, pull back along the endomorphisms of
M; given by multiplication by —7* and by 32 to get split extensions. Multiplication by y? factors
through R? via z — (&), while multiplication by —n* factors through R? with z ~ (—72%)-

The maps 32 and —n* are wh and yh, respectively, where h is the endomorphism of M; defined

by multiplication by y?/w. We can show that h is in the socle of Extk(Mi, N1), and hence gives

the AR sequence ending in M;. Write h = Coker(a, 3), where a = [7&3 (1)] and 8 = [:3 —Oy]‘ To
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identify the middle term of the extension given by h, consider

(2 7 0 —y] [0 = 0 —y
™ —y 7 0 4y 7 0
0 0 y ~ ym 0 y 7 ~
i 0 7!'4 _y2- _’/T5 0 71'4 _y2
[0 7 0 —y] 0 = 0 —y
™ —y 0 0 —y @ 0
yrm 0 gy |7 lo o Y o
|0 ym O —y2_ [0 ym O —y?
0 = 0 v] [0 = —y 0
0 —y 7 0 00 m —y
0 v @ 0 ~ o y 0 w3
0 0 0 0] 0 0 0 O

This is the defining matrix for A; ® R, so we get the AR sequence ending in M1: 0 - Ny - A1®R —
M; — 0. Taking syzygies implies that the AR sequence ending in N7 is 0 - M; — By — N; — 0.

Now consider the first part of a resolution of My = (y2, 7r2)R: 0 > Ny —» R? - M, — 0. Pull
back by the map given by multiplication by 7% on M,. This admits a factorization z (ﬂgz)
through R?, so results in a split sequence. Similarly, the map on M; given by multiplication by
—y? factors through R? with = — (_0“3).

Let h be the endomorphism of M, given by multiplication by 74 /y. Then yh is multiplication by
7% and 7h is multiplication by —y? on Ms. Both of these endomorphisms give split exact sequences,
so if h does not give a split sequence, then h gives the socle element of Ext}{(MQ, N3). To identify

the middle term of the sequence obtained by pulling back by h, note that a matrix factorization for

—m“ 0
a presentation matrix for Do, and so the AR sequence is 0 — Ny — Dy — My — 0. Again, syzygies
give us that the AR sequence ending in N» is 0 = My — Cy — Ny — 0.
Moving along, we consider a free resolution of A;: 0 — By — R3 — A; — 0. Let h be the
endomorphism of A; given by multiplication by y?; then yh is multiplication by —7* and wh is
multiplication by 2. Both of these maps factor through the free module R3, via

h is ([_;ﬂ.s g] , [ °, _yr]), so the middle term of the sequence is given by the matrix ds, which is

0 T
z— | 0 |, z— | 0],
—x 0

respectively. Thus both wh and yh induce split sequences. We can write

3

0 0 =« 0 0 —yrm
h=Coker | [-# 0 O0],|y O 0
0 = 0 0 vy 0
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A matrix computation shows that

[ 7% oy 2 0 0 —yn?] [0 42 - 0 0 0]
—y?2 7t yr oy 0 0 2 oy 0 —m 0 0
—yr —y? w0 vy 0 0 -2 —y 0 0 0
0 0 0 -y 0 || 0o =« -y 0 0
0 0 0 0 = —y 0 0 0 0 4> =?

| 0 0 0 y 0 =3 0 0 0 0 = —y

which is not split, so that the middle term of the AR sequence ending in Ay is Ny @ D;. This gives
the AR sequence 0 — B; — N; @ D; — A; — 0. Taking syzygies gives the AR sequence ending in
Bi:0—> A >MiCy — By —0.

The computation for Ay = (y2, yn2, 7*)R is very similar. Let h be the endomorphism of A, given
by multiplication by 7*/y. Then yh is multiplication by 7* and 7h is multiplication by —y? on As.
These both give split sequences: The maps

—x 0
z— | 0 ], z— |0
0 x

give factorizations of —y? and 7%, respectively, through R2. We can compute the middle term of
the exact sequence given by pulling back along h, and if it is nonsplit, we will have identified the
AR sequence ending in Ay. Since we can write

0 0 —=*] [0 0 wyr

h = Coker | (72 0 0 |,|l-y O 0
0 72 0 0 —ym O
the middle term is given by the matrix
0 0 ym
_ B2 |-y 0 0
Xt = 0 —ym 0
0 a9

so the AR sequence ending in Ay is 0 — By — X7 — As — 0. Taking syzygies gives the AR
sequence ending in Bs: 0 — Ay - Y7, — By — 0.

In computing the rest of the AR sequences, we can use the process of elimination and compute
ranks, since R is a domain. First consider the AR sequence ending in C;. The first term is Dy,
which has rank 2, so the middle term has rank 4. Since we already have an arrow A; — C
in the AR quiver, we know that the middle term has a direct summand isomorphic to A;. The
complement has rank 3, and its first syzygy has rank 2 (since By has rank 2). So the complement
is either X9 or a direct sum of B; and a rank-one module which has rank-one first syzygy. If
the latter, then the rank-one would be one of M;, My, N1, or Na. But we have already computed
these AR sequences, and have no arrow from D; to any of these. So X; is the complement, and
the AR sequence ending in C is given by 0 — D; — A1 & X9 — Cy — 0. Taking syzygies gives
0—C1 — B Yy — Dy — 0, the AR sequence ending in D;.

Next consider the AR sequence ending in Cs. Since C5 and Dy have rank 2, the middle term of
the AR sequence has rank 4. We know that the AR quiver contains an arrow Ms — Cs, so M is a
summand of the middle term, leaving a rank-three complement with rank-three first syzygy. This
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complement contains none of the modules we have treated up to now, so must be one of X7, X, Y7,
or Yo. We know that Y2 has the wrong rank, and the first syzygy of Xo (that is, Y¥2) also has the
wrong rank. It can be checked that the map h on C3 taking the generators (elements of R*) to

ymt —y’r 0 7o
—y?n? —7t y2m 0
0 ’ 0 ’ 7_(_4 ’ —y27l'
0 0 —y?n? —ym
satisfies yh = 7% and wh = —y?. Each of these splits a free presentation of C. The endomorphism

of Cy given by multiplication by y? factors through R* by sending the generators (columns of J5)
to the columns of

T

—ym® 0 ym? -7
0 0 0 yn?
0 0 -7 0

The endomorphism given by multiplication by 7 factors through R* by sending the generators to
the columns of the matrix

0 —yrm 0 —y?
yir2 0 —y’mr 0

0 0 0 —y’r

0 0 yn? 0

We can factor h as a pair of maps between free modules

0 O 0 —y 0 Yy 0 Y
. 0 0 —ym O -2 0 Yy 0

h = Coker v 72 0 —ym|'| y n? 0 2
s —y w2 0 ™ —y2 —2yr? 0
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Hence the middle term of the short exact sequence obtained by pulling back via h is presented by
the matrix

N

y 0 T 0 ym 0 Y
™ -y —yr®2 0 -7 0 ym 0
0 0 y? Ty 2 0 27
0 0 ™ -y 7 —y? 2y’ 0
0 0 0 0 y? 2 0 Yy
0 0 0 0 = —y —n? 0
0 0 0 0 0 0 Y 2
| 0 0 0 0 0 0 73 —y2_
[y 72 0 0 0 0 0 0]
7w —y? 0 0 0 O 0 0
0 0 oy 2 0 0 ym
0 0 —y?2 @ yr —y 0 0
“lo 0 —yn2 —y> 72 0 —yrm O
0 0 0 0 0 = —y O
0 0 0 0 0 O 72 Y
| 0 0 0 0 0 v 0 ]

This is the presentation matrix for Ms @ X7, so the AR sequence ending in C5 is given by 0 —
Dy — My @& X; — Ny — 0. Taking syzygies gives the AR sequence ending in Dy: 0 — Cy —
No@®Y, — Dy — 0.

The middle term of the AR sequence ending in X7 has rank 6, and has summands of Bs and
D, from existing arrows in our quiver. The only other rank-two is Y;. (Besides, we know the
complement must have rank 2 and a rank-three syzygy, so must be Y5.) This gives the two AR
sequences 0 Y], > Bo@d DYy, > X7 - 0and 0 — X; > A28 Co®d X9 — Y, — 0.

Finally consider the AR sequence ending in X5. Since X5 has rank 3 and Y, has rank 2, the
middle term has rank 5. We already have an arrow D1 — X5 and an arrow X7 — Xo, so the middle
term is Dy @ X1, and the AR sequence is

0—=-Ys > D1 X1 = Xo—0.
Applying Theorem 2.9 shows that the AR quiver for R is as follows.

The (Ej}) singularity. Let R = V[[y]]/(73 + v°), with residue field characteristic p # 5. Once
again, the symmetry of this case with the (Eg) singularity implies that R has finite CM type.



MIXED CHARACTERISTIC HYPERSURFACES OF FINITE CM TYPE 27

REFERENCES

[1] M. Auslander, Isolated singularities and the existence of almost split sequences, Proc. ICRA IV, Lecture Notes
in Mathematics, vol. 1178, Springer-Verlag, New York-Berlin, 1986, pp. 194-241.
[2] R.-O. Buchweitz, G.-M. Greuel, and F.-O. Schreyer, Cohen—Macaulay modules on hypersurface singularities II,
Invent. Math. 88 (1987), 165-182.
[3] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Graduate Texts in Mathematics,
vol. 150, Springer-Verlag, Berlin, 1995.
[4] G.-M. Greuel and H. Knorrer, Einfache Kurvensingularititen und torsionfreie Moduln, Math. Ann. 270 (1985),
417-425.
[6] G.-M. Greuel and H. Kroning, Simple singularities in positive characteristic, Math. Z. 203 (1990), 229-354.
[6] M. Harada and Y. Sai, On categories of indecomposable modules I, Osaka J. Math. 8 (1971), 309-321.
[7] J. Herzog, Ringe mit nur endlich vielen Isomorphieklassen von mazimalen unzerlegbaren Cohen—Macaulay Mod-
uln, Math. Ann. 233 (1978), 21-34.
[8] H. Knorrer, Cohen—Macaulay modules on hypersurface singularities I, Invent. Math. 88 (1987), 153-164.
[9] S. Lang, Algebra, 3rd. ed., Addison—-Wesley, 1993.
[10] H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced Math., vol. 8, Cambridge University
Press, Cambridge, 1986.
[11] R. S. Pierce, Associative Algebras, Graduate Texts in Math., vol. 88, Springer-Verlag, 1982.
[12] @. Solberg, Hypersurface singularities of finite Cohen—Macaulay type, Proc. London Math. Soc. 58 (1989), 258—
280.
[13] R. Wiegand, Curve singularities of finite Cohen-Macaulay type, Ark. Mat. 29 (1991), no. 2, 339-357.
[14] R. Wiegand and S. Wiegand, Prime ideals and direct-sum decompositions, to appear in Non-Noetherian Ring
Theory, S. Chapman and S. Glaz, eds.
[15] Y. Yoshino, Brauer—Thrall type theorem for mazimal Cohen—Macaulay modules, J. Math. Soc. Japan 39 (1987),
719-739.
, Cohen—Macaulay modules over Cohen-Macaulay rings, London Math. Soc. Lect. Notes Ser., vol. 146,
Cambridge University Press, 1990.

[16]

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KANSAS, LAWRENCE, KS 66045
E-mail address: gleuschke@math.ukans.edu
URL: http://wuw.math.ukans.edu/~gleuschke



