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Abstract. This note makes a correction to the paper “On the growth of the
Betti sequence of the canonical module”. The statements of Lemma 2.1 and

Theorems 2.2 and 2.4 are incorrect as they appear, and need to be adjusted.

In our paper [1], three results appearing in Section 2 are incorrect as stated.
The second part of Lemma 2.1, which assumes that Exti

R(M,N∨) = 0 for all i in a
certain range and concludes an inequality on the Betti numbers of N , is not true for
the stated range of Ext-vanishing. The correction forces changes in the statements
of Theorems 2.2 and 2.4 as well.

To correct the Lemma, we adjust the statement by moving the range of indices for
which ExtR(M,N∨) is assumed to vanish, adding the codimension of M to both
ends of the range. This preserves the statement for maximal Cohen–Macaulay
modules, where our proof did in fact apply, and makes it true for Cohen–Macaulay
modules of positive codimension. (We also reword the hypotheses slightly to try to
avoid possible confusion.)

Lemma 2.1 (corrected). Let R be a CM local ring, M a CM R-module of dimension
d, and N a MCM R-module. Let n be an integer and assume that either

(1) n ≥ d+ 1 and TorR
i (M,N) = 0 for all i with n− d ≤ i ≤ n, or

(2) n ≥ dimR − d + 1 and Exti
R(M,N∨) = 0 for all i with n + dimR − d ≤

i ≤ n+ dimR.
Then for any sequence x = x1, . . . , xd regular on both M and R,

bn(N) ≤ λ(mM/xM)
µ(M)

bn−1(N) .

Moreover, equality holds if and only if both m(M/xM⊗RN) = 0 and m(mM/xM) =
0.

The only change in the statement is in case (2), which in the original reads “for
all i with 1 ≤ n ≤ i ≤ n + d”. Notice that if one were to add the additional
assumption that M were maximal Cohen–Macaulay, i.e. that d = dimR, the two
statements would coincide. The proof we gave (reproduced below) is correct in this
case.

Proof. We prove only (2).
Assume first that M is MCM, so that d = dimR, and induct on d. When

d = 0, Matlis duality yields TorR
n (M,N) ∼= Extn

R(M,N∨)∨ = 0, and we get the
inequality by case (1). When d > 0, let overlines indicate reduction modulo xd and
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consider the sequence 0 −→ N∨ −xd−→ N∨ −→ N∨ −→ 0, which is exact as N∨ is
MCM. Using the fact that HomR(N,ω) ∼= HomR(N,ω) ⊗ R, and the long exact
sequence of Ext, we find that Exti

R(M,N
∨

) = 0 for n ≤ i ≤ n + (d − 1). Since
Exti

R(M,N
∨

) ∼= Exti
R

(M,N
∨

) for all i, and N
∨

is MCM of dimension d − 1 over
R, the induction hypothesis gives

bRn (N) ≤ λ(mM/xM)
µ(M)

bRn−1(N) ,

which implies the inequality claimed.
Now assume that M has codimension c = dimR−d ≥ 1. Let y = y1, . . . , yc be a

maximal R- and N∨-regular sequence in the annihilator of M , and now let overlines
indicate reduction modulo y. Then Exti

R(M,N∨) ∼= Exti−c

R
(M,N∨) for all i ≥ c,

so we see that Exti
R

(M,N
∨

) = 0 for n ≤ i ≤ n+ dimR− c = n+ dimR. As M is
MCM over R, the previous case applies to give the inequality over R, which again
is equivalent to the inequality over R.

The statement about equality is unaffected by these changes. �

We must also shift the range of vanishing Exts assumed in Theorem 2.2. The
original text had 1 ≤ i ≤ d + µ(ω) in condition (2), but the corrected Lemma 2.1
leads to the following statement.

Theorem 2.2 (corrected). Let (R,m) be a CM local ring with canonical module ω,
and M be a CM R-module of dimension d such that for some sequence x of length
d regular on both M and R,

(1) λ(mM/xM) < µ(M), and
(2) Exti

R(M,R) = 0 for 1 + dimR− d ≤ i ≤ dimR+ µ(ω),
then R is Gorenstein. The same statement, except allowing equality in (1), holds
if either m((M/xM)⊗R ω) 6= 0 or m(mM/xM) 6= 0.

Similarly, the statement of Theorem 2.4 must be corrected, replacing “Exti
R(M,R) =

0 for 1 ≤ i ≤ d+ 1” in condition (2) by the following.

Theorem 2.4 (corrected). Let R be a generically Gorenstein CM local ring with
canonical module ω, and M be a CM R-module of dimension d such that for some
sequence x of length d regular on both M and R,

(1) λ(mM/xM) < µ(M), and
(2) Exti

R(M,R) = 0 for 1 + dimR− d ≤ i ≤ dimR+ 1,
then R is Gorenstein. The same statement, except allowing equality in (1), holds
if either m((M/xM)⊗R ω) 6= 0 or m(mM/xM) 6= 0.

The derivation of both Theorems from the Lemma is as in the original.
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