
Non-commutative desingularization
of the generic determinant

joint work with R.-O. Buchweitz and M. Van den Bergh

Graham J. Leuschke

Syracuse University

30 April 2006



Recall (part of) the McKay Correspondence: Let G ⊂ GL2(C) be a
finite group, acting on S = C[[x , y ]] by linear changes of variables.
Set R = SG , the ring of invariants.

Assume that G contains no pseudo-reflections.

Theorem (Herzog ’78, Auslander ’86)

There are one-one correspondences between

I the irreducible representations of G

I the indecomposable projective EndR(S)-modules

I the indecomposable reflexive R-modules.

Furthermore, the indecomposable reflexive R-modules are precisely
the R-direct summands of S. There are in particular only finitely
many indecomposable MCM R-modules.



R = SG ⊂ S = C[[x , y ]]

Proposition (Auslander ’62)

The endomorphism ring EndR(S) has global dimension equal to 2.
(In fact, it is isomorphic to the twisted group algebra S#G.)

Since
S ∼=

⊕
RM is MCM

M indec.

Ma ,

we have:

The endomorphism ring of the direct sum of all the
indecomposable MCM R-modules has finite global
dimension.



Definition
Let R be a Gorenstein local domain. A non-commutative crepant
resolution of R is an R-algebra Γ = EndR(M) such that

I M is a reflexive R-module

I Γ is a MCM R-module

I gl. dim. Γ <∞.

Corollary

A Gorenstein two-dimensional complete local C-algebra of finite
CM type has a non-commutative crepant resolution.

Theorem (GL)

Let R be a CM local ring of finite CM type, and let M be the
direct sum of all indecomposable MCM modules. Then EndR(M)
has global dimension equal to dim R (but need not be MCM!).



Main Theorem
The generic determinantal hypersurface has a non-commutative
crepant resolution, which can be described as a quiverized Clifford
algebra. The standard Springer desingularization is obtained as a
moduli space of representations of of this algebra.

Notation

I K = field

I X = (xij), a (n × n) matrix of indeterminates

I S = K [xij ]

I R = S/(det X )

I G,F free S-modules of rank n

I ϕ = (xij) : G −→ F the generic linear map



It’s known that R does not have finite CM type if n > 2. In fact R
has a wild family of rank-two orientable MCM modules
(Buchweitz-GL ’05).

It does, however, have a nice family of canonical MCM modules.

Define M1 by

0 // G
ϕ // F // M1

// 0

and

0 // ∧k G
Vk ϕ // ∧k F // Mk

// 0

for every k = 0, . . . , n.

Since (
∧k ϕ)(

∧n−k ϕ∗) = (det ϕ) · I(n
k)

, these are all MCM.



Main Theorem, precise version

Set

M =
⊕

k

Mk =
⊕

k

cok

(
k∧

ϕ

)
.

Then

I EndR(M) is MCM over R;

I Extodd
R (M,M) = 0;

I EndR(M) has finite global dimension; and

I Db(modEndR(M)) ∼= Db(cohZ), where Z is some
desingularization of Spec R.



Bĕılinson’s “tilting description” of the derived category of
projective space

Let P = Pn−1 = P(V ). Consider two families of n locally free
sheaves on P:

I {OP,OP(−1), . . . ,OP(−n + 1)}
I {OP(1),Ω1(2), . . . ,Ωn−1(n)} where Ω1 is the sheaf of Kähler

differentials.

Theorem (Bĕılinson ’78)

Let

E1 = EndP(
n−1⊕
i=0

OP(−i))) and E2 = EndP(
n−1⊕
i=0

Ωi (i +1))) .

There are exact equivalences of triangulated categories:

Db(mod E1)← Db(coh P) −→ Db(mod E2)



Key Lemma
We have Ext`P(Ωi (i + 1),Ωj(j + 1)) = 0 for all ` > 0. Furthermore,

HomP(Ωi (i + 1),Ωj(j + 1)) ∼=


K V ∗ . . . . . . Λn−1(V ∗)

0 K V ∗ . . .
...

...
. . .

. . .
...

0 . . . . . . K V ∗

0 0 . . . . . . K


ij

.

and a similar version for HomP(O(−i),O(−j)) involving
Symn−1(V ).



The Key Lemma can be described in terms of a quiver with
relations. The ring

K V ∗ . . . . . . Λn−1(V ∗)

0 K V ∗ . . .
...

...
. . .

. . .
...

0 . . . . . . K V ∗

0 0 . . . . . . K


has n idempotents; take these for vertices. Each basis element of
V ∗ gives an arrow a −→ a− 1

1 2...
u1oo

unoo
· · · · · ·...

u1oo

unoo
n...

u1oo

unoo

subject to relations uiuj + ujui = 0.

This is a “quiverized exterior algebra.”



Back to EndR(M), R = K [X ]/(det X ), M =
⊕

k Mk .

There are some canonical elements of HomR(Mi ,Mj).

We seek pairs (α, β) making

0 // ∧i G
Vi ϕ //

α

��

∧i F //

β
��

Mi
//

��

0

0 // ∧j G
Vj ϕ // ∧j F // Mj // 0

commute.



I Each element f ∗ ∈ F∗ defines a contraction

∂f ∗ :
i∧
F −→

i−1∧
F

which lifts to give a degree −1 endomorphism M −→ M.

I Each element g ∈ G defines a multiplication

µg :
i∧
G −→

i+1∧
G

which gives a degree +1 endomorphism M −→ M.

I The projectors ei : M −→−→ Mi ↪→ M are idempotent
endomorphisms of degree 0.

Note that there are relations among the ∂f ∗ , µg , and ei , notably

µg∂f ∗ + ∂f ∗µg = f ∗(ϕ(g)) ∈ S .



Define the “quiverized Clifford Algebra”

C := S〈e1, . . . , en; u1, . . . , un; v1, . . . , vn〉/J ,

where J is the ideal generated by the relations

I eaeb = δabea,
∑

ea = 1

I viea = ea+1vi

I uiea = ea−1ui

I uiuj + ujui = u2
i = vivj + vjvi = v2

i = 0

I uivj + vjui = xij (the “Clifford relation”).

We realize C as the path algebra of a quiver with vertices
corresponding to the ea:

•
1 v1

33
...
vn

33

•
2 v1

22
...
vn

22

...
u1ss

unss

· · · · · ·

...
u1ss

unss

v1
33

...
vn

33

•
n

...
u1rr

unrr

with relations given as above.



Theorem
C is a MCM R-module.

Theorem
EndR(M) ∼= C.

Theorem
EndR(M) ∼= C/CenC.



Idea of the Proof.
Let Z be the classical desingularization of X = Spec R:

Z = {([λ], α) | λα = 0}
⊆ P(F ∗)× HomK (G ,F )

with projections p to P(F ∗) and q to Spec R.

Proposition

Mk = Rq∗p
∗(Ωk−1

P (k)) , that is, the direct image of p∗Ωk−1(k) is
Mk and the higher direct images vanish.

Get an explicit resolution for each HomR(Mi ,Mj) and observe that
they are MCM.
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