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Endomorphism Rings of Finite
Global Dimension

Graham J. Leuschke

Abstract. For a commutative local rin&, consider (noncommutativelR-algebras of the form =
Endk(M) whereM is a re exiveR-module with nonzero free direct summand. Such algebrasf
nite global dimension can be viewed as potential subséitufor, or analogues of, a resolution of
singularities of SpeR. For example, Van den Bergh has shown that a three-dimeak{®arenstein
normal C-algebra with isolated terminal singularities has a crépasolution of singularities if and
only if it has such an algebrawith nite global dimension and which is maximal Cohen—Maiay
overR (a “noncommutative crepant resolution of singularitieste produce algebrass Endkr(M)
having nite global dimension in two contexts: whéis a reduced one-dimensional complete local
ring, or whenRis a Cohen—Macaulay local ring of nite Cohen—Macaulay tylpe the latter cas®

is Gorenstein, then the construction gives a noncommugatiepant resolution of singularities in the
sense of Van den Bergh.

This paper takes for its starting point two results of Auslan

Theorem A Let I_be a left Artinian ring with radicaland assume that' = 0,
M 16 0. SetM= i“:l =r'. Then := End (M)°Pis coherent of global dimension
atmost nt+ 1 [1, x111.3].

Theorem BLet S= K[ x; y] be the ring of formal power series in two variables over a
eld k and let G be a nite subgroup®t,(k) with jGj invertible in k. Set R S°.
Then A:= Endz(§° has global dimension at most f&jo

These theorems both relate to Auslander's notionegiresentation dimensjam
troduced in [1] as a way to measure homologically the faibfran Artin algebra to
have nite representation type. The representation dimensf an Artin algebra
can be de ned as

repdim = inffgldimEnd (M)g;

where the in mum is taken over all nitely generated moduldswhich are genera-
tor-cogenerators for mod. Note that Theorem A does not prove niteness of the
representation dimension; whild has a nonzero free direct summand, it need not
be a cogenerator. Auslander showed in [1] that repdim 2 if and only if has
nite representation type, and in 2003, Rouquier [19] gakie trst examples with
repdim > 3. lyama has recently shown [15] that the representationestigion of
an Artin algebra is always nite.
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We extend Theorems A and B in two directions. In each casepn&der com-
mutative Noetherian (semi)local base rings.

First, we Il a gap between Auslander's theorems: the cas@w#nsion one. A
reduced complete local ring of dimension 1 always has a nitely generated module
whose endomorphism ring has nite global dimension, the malizationR. How-
ever,R is never a generator in the categoryRsfmodules, unlesRis already a dis-
crete valuation ring. Theorem 4 produces a nitely genadajeneratoiM such that
Endz(M) has nite global dimension. Speci calljyl can be taken to be a direct
sum of certain overringSbetweerk andR, and the global dimension of Er(M)
is bounded by the multiplicity oR. This completes a coherent picture for rings of
dimension at most 2; see [20, 21] for related progress in daioan 3.

We also generalize to dimensiods> 2 by exploiting the connection with -
nite representation type. The two-dimensional quotienigsilaritiesC[ x; y] €, with
G GLy(C) a nite group, are precisely the two-dimensional complé&geal rings
with residue eldC and having nite Cohen—Macaulay (CM) type [2, 9, 12]. More-
over,C[ x; y] contains asR-direct summands all indecomposable maximal Cohen—
MacaulayR-modules [12]. Theorem 6 states thatRfis ad-dimensional Cohen—
Macaulay local ring of nite Cohen—Macaulay type, andvifis the direct sum of
all indecomposable maximal Cohen—Macalamodules, then Eng(M) has global
dimension at most m&b2; dg. It follows that the representation dimension of a com-
plete Cohen—Macaulay local ring of nite Cohen—Macaulgyetys nite. (See De -
nition 7 for the de nition of representation dimension in th context.)

The proofs of both theorems are based on projectivizatiqhl[3]. In the present
contexts, this means that the functor HefM; ) induces an equivalence of cat-
egories between add(), the full subcategory dR-modules which are direct sum-
mands of nite direct sums of copies M, and the full subcategory of nitely gener-
ated projective modules ovér:= Endg(M)°P. In particular, ifM is anR-generator,
then M has anR-free direct summand, and sd is a projectiveA-module. Aus-
lander's original proof of Theorem A uses this technique] #re proofs of our two
main results are very close in spirit to his method. lyama feased Auslander's
methods into a theory ofejective subcategofiEs, 14], which he uses to prove that
the representation dimension of an order over a completerdie valuation ring is

nite.

Section 3 discusses the implications of Theorem 6 to therjhebnon-commu-
tative crepant resolutions [21]. Ris Gorenstein of dimension 2 or 3 and has nite
Cohen—Macaulay type, Theorem 6 does indeed produce a nomaciative crepant
resolution ofR. If Ris not Gorenstein, then non-commutative crepant resolaotio
are not yet de ned, but Theorem 6 still gives an analogue. Weuss advantages and
disadvantages of this analogy.

The rings under consideration will be Noetherian, and allduies nitely gener-
ated. We abbreviate Hog ; )by ( ; ).

1 Dimension One

In this section we consider reduced one-dimensional seraildngsR. We always
assume thaR is complete with respect to its Jacobson radical, equitiglémat R
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is isomorphic to a direct product of complete local rings.t Kebe the total quo-
tient ring of R, obtained by inverting all nonzerodivisors Bf Recall that a nitely
generated?-module M is torsion-fregrovided the natural mapm ! M gKis
injective.

Our goal requires us to consider the module theory of cert@iational extensions
of reduced rings, that is, extensioRs SwhereSis a nitely generatedk-module
contained in the total quotient ringk of R. Of course, in this situation every nitely
generated torsion-fre&module is a nitely generated torsion-freéR-module, but
not vice versa. The following lemma, however, follows gagiklearing denomina-
tors.

Lemmal LetR S be a birational extension of reduced rings as above. Iet C an
D be nitely generated torsion-free S-modules. Hbemz(C; D) = Homg(C; D).
Furthermore, if M is a nitely generated torsion-free Rdlepdnd £ C! M is an
R-linear map, then the image of f is an S-module.

For the remainder of this sectionR{m) will be a reduced complete local ring of
dimension one with total quotient ringk and integral closur®. Note thatK is a
direct product of nitely many elds, andR is correspondingly a direct product of
discrete valuation rings. Sinéeis complete and reduce® is a nitely generated
R-module [18, Theorem 11.7].

SetRY := Endk(m). Sincem contains a nonzerodivisoRY embeds naturally
into K (by sendingf to f(r)=r, which is independent of the nonzerodivisor It is
well known that in facR®?  R. FurthermoreR ( RY unlessR = R. Now, R®Y
may no longer be local (if, for example, we tdke K[ x; y] =(xy)), but by Hensel's
Lemma,R® is a direct product of complete local ring&) = R R, each
of which is again reduced.

Iterating this procedure by taking the endomorphism ringtbé maximal ideal
of each of the local rinngl), T = 1;:::;ng, gives a family of reduced complete
local ringsf R’g. SinceR=Ris anR-module of nite length and eaci" is trapped

between som& Y and R, this family is nite. It follows that the lengths of the
chains

2 RORY( (RY=R

are bounded above, where ea%(ﬁ is a direct factor of the endomorphism ring of
the maximal ideal oR{} *).

Let E(R) denote the family of rings obtained in this way, includiRdtself. Put
A(R) = addE(R)), the full subcategory of modRcontaining all direct summands of
nite direct sums of rings inE(R), considered aR-modules. IfSis a direct product

E(S;), andA(S = add(E(9) the full subcategory containing all direct summands of
nite direct sums of rings iNE(S), again considered &modules.

Even though we begin with a local ring, the proof of Theoreneduires dealing
with semilocal rings that crop up along the way. Lemma 2 alagsto reduce to the
local case each time.
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Lemma2 LetS= S S be a direct product of rings. Assume that for each
i = 1;:::;kand for each torsion-frgerBodule D, there is an exact sequence

(1.1) O Cim! Cim 1! ! Co! DI 0

with each G 2 A(S) and such that

o (X Ci;mi)! (X; Cim 1)! ! X;Cio)! (XD 0
is exact for all X2 A(S). Then for each torsion-free S-module E, there exists an exac
sequence
1.2) 0 Cpn! Cp ! ! C! E' O

with each G2 A(S) and such that
(1.3) o (XCm)! (XCmoa)! ! (X;Co)! (X;B)! 0

is exact for all 2 A(S).

Proof LetEbe atorsion-fre&&module. TherE = Q i”: , §E, whereg is a complete
set of orthogonal idempotents for the decomposit®sr S S.. The exact
sequence (1.2) can be taken to be the direct sum of the segsiéhd) wittD = gE
It remains to show that (1.3) is exact for &l 2 A(S. Since Hom(Y;Z) = O
whenevel is an§-module andZ is anS;- module withi & |, thisis clear. [ |

We can now state the key result which will imply our main thesorin the reduced
case.

Proposition 3 Let(R; m) be a reduced complete local ring of dimension one and let
N be a torsion-free R-module. Let n be the length of the Idmjaéz). Then there
exists an exact sequence

or Cy! Cy ! ! Co! N! O
with each €2 A(R) and such that
0 (X;C)! (X;Cp ! ! (X;Co)! (X;N)! ©
is exact for all 22 A(R).

Proof We proceed by induction on. If n = 0, thenR = Ris a discrete valuation
ring, and any torsion-fre®-module is free. The s (R) consists exactly of the free
R-modules, sothat® Cy!” N ! 0isthe required sequence.

Assume that the statement holds for reduced complete laegkrof dimension

one having a chaingj of length at mosh 1, and thatR has a chain of length. In
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particular, then the proposition holds for each direct farcof RY = Endg(m). Let
N be a torsion-fred&k-module.

First suppose thail is anR®-module. By Lemma 2 then, there is an exact se-
quence oRM-modules

1.4 o Ccy! C, ! ! Co! N! G

with eachC; 2 A(R®), which remains exact undeX( ) for any X 2 A(RD).
(We use Lemma 1 here to know that H@X; ) = Homgw(X; ).) The only
indecomposable module iA(R) but not in A(RD) is the free moduleR, so the
seguence remains exact undgr () foranyX 2 A(R), as desired.

Next suppose thal is not anR®-module. LetN°= Homg(R®;N) ( N be the
largestRY)-module contained inN. Observe that for aniRY-module X, and any
R-linear homomorphismX ! N, the image oK is contained inN°. In particular,
(X;N9 = (X;N) forany X 2 A(RWY). By induction, there is a surjectiof: C°!
NO with C° 2 A(R®), such that K; f): (X;C9 ! (X;N9 is surjective for all
X 2 A(RD). Since K; N9 = (X;N), we see that applying ) to the composition
CO!' NO! N yields a surjection for ak 2 A(RY).

Take a fredR-module F mapping minimally ontoN=N°and lift to a homomor-
phismg: F! N. Theng (N9 is anR®-module. Indeedg (N9 mFasFisa
minimal free cover oN=N ¢ and sincenF is clearly a module ové®? = Endg(m),
Lemma 1 implies thag (N9 = mF, so in particular is afR®-module.

Dene :F CO°! Nby (p;o = g(p) f(0. Since K; f) is surjective
for all X 2 A(RW), andginduces a surjectioff ! N=N° we see thatX; ) is
surjective for allX 2 A(R). We claim that theL = ker is anR®-module. Let

2 RY and (p;¢) 2 L, sothatg(p) = f(c). Sincef(c) 2 N%andg (N9 is
anRM-module, p 2 g }(N9. Then, sincefj; 1o is RY-linear by Lemma 1,
g p)= o(p)= f(0).Finally,f:C% NCisRM-linear,so f(c)= f( ¢). That
is,( p; © 2 L,asclaimed.

By the previous case then, there is an exact sequence

o Cy 1! Gt ! Co! L' O
such that
of (XiCh ! (XiCh ! ! (X;C! (Xt 0
is exact for alX 2 A(RM). Splicing this together with the short exact sequence

0! L!' F C° N 0,andusingonce again that the only indecomposable
module inA(R) but not in A(RY) is the free modul&®, we are done. []

[heorem 4  Let(R; m) be a one-dimensional reduced complete local ring. Put M
2ER S A nitely generated R-module. Ther Endk(M)°P has global dimension
at most nt+ 1, where n is the length of the longest clzain (
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Proof LetN bea nitely generated-module. Then by [3, 11.2] there exists a homo-
morphismM; ! Mg with M; 2 addM) suchthat M; M) ! (M;Mg)! N! O
is exact. Let be the kernelofl; ! Mg. ThenL is torsion-free, so by the proposition
has a resolution of lengthby modules in add{l), which remains exact after apply-
ing (M; ). Since each\; M;) is a projective -module,N has projective dimension
atmostn + 1. |

Corollary 5 A one-dimensional reduced complete local ring has a getedyated
module whose endomorphism ring has global dimension a(Rhoste multiplicity
of R.

Proof Itis known thatR=mR has dimension &) as a vector space ove&rm. Thus
R=Rhaslengthdf) 1, soeis a uniform bound on the length of chaing)( [ ]

It seems plausible that Theorem 4 actually holds for riRgsich that the integral
closureRis a nitely-generatedR-module and a regular ring, for example, the hyper-
surface® + y®  y?z%2 = 0. The proof given above is reminiscent of the algorithm of
de Jong [7] for obtaining the integral closure by takingétid endomorphismrings.

2 Finite Cohen—Macaulay Type

As mentioned in the introduction, the original motivatioloif Auslander's represen-
tation dimension was to study Artin algebras of nite repeagation type, that is,

Artin algebras with only nitely many isomorphism classésitely generated mod-

ules. For (commutative Noetherian) rings of higher dimemsithis property has
been generalized taite Cohen—Macaulay typé\ nonzero nitely generated mod-
ule M over ad-dimensional ringR is calledmaximal Cohen—MacaulgiMCM) if

provided there are, up to isomorphism, only nitely many iedomposable MCM
R-modules.

The one-dimensional CM local rings of nite CM type are corafdly character-
ized [6,8,11,22,23]. In dimension two, the complete logays containing the com-
plex numbers and having nite CM type are also completelgsiad [2,9,12]. They
are exactly the rings of Theorem B, that is, the invariangsiR = C[ x; y] © under
the action of a nite groupG. In this caseC][ x; y] is a representation generator for
R, that is, contains as direct summands all the indecompessliitM R-modules.

The main result of this section is a generalization of TheoBe Again, the proof
relies on the process of projectivization, which was disdrin the introduction.

Theorem 6 Let(R; m) be a d-dimensional CM local ring of nite CM type. Let M
be a representation generator for R (in particular, M has difiect summand). Then
A = Endk(M)°P has global dimension at mosaxX 2;dg. Ifd 2, then equality
holds.
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Proof Firstassume thal 2. LetN be a nitely generated le#\-module. Take
the rstd 1 stepsin a projective resolution HfoverA:

(2.1) PPyt °° I A )

with coker' 1 = N. For eachi, we can use [3, 11.2] to writ€® = Homg(M; M;),
whereM,; is a direct summand of a direct sum of copies\f In particular, each
M; is a MCM R-module. Moreover, each; can be written as Hog(M; f;) for
R-homomorphismsfi: M; ! M; 3. This gives the following sequence of MCM
R-modules and homomorphisms:

(2.2) C iMg,! " I VI Mo

SinceM has a free direct summand and Ha(M; C ) is exact, it follows that in fact
C isexact. PuMy = ker(fy 1). ThenMq4is a MCMR-module by the depth lemma,
and left-exactness of Hom gives an exact sequence
(2.3) . . '

0! Homg(M; Mg) ! Py ! 7 N T N =

SinceMgy is MCM, Homg(M; M) is A-projective, andN has projective dimension at
mostd.

To see that the global dimensionA&fs exactlyd, takeN to be a simplé-module.
ThenN has nite length as afR-module, so is of depth zero. A projective resolu-
tion of N is in particular an exact sequence of MG¥modules, and so a projective
resolution of length less thashwould contradict the depth lemma. Thié has pro-
jective dimension exactly. Since the global dimension éfis the maximum of the
projective dimensions of the simple modules, this nishies tasel 2.

If d < 2, then we can repeat the rst part of the argument, simplyingkan
A-projective resolution of length 1. The remainder of the pi¢s the same, showing
that gldimA 2. ]

One can also state the proof above in terms of the adjointgpasr Homg(M; )
andg = A M. In this context, the fact tha€ is exact comes down to the facts
that (i) M is a projectiveA-module, sog is an exact functor, and (iijy g is the
identity on projectiveA-modules.

Following lyama [14], we extend the de nition of represeiita dimension to
rings of positive Krull dimension.

De nition 7 LetT be a complete regular local ring and e aT -algebra, nitely
generated and free asTamodule. LetC be the category dR-modules which are
nitely generated fred -modules. Let

repdimR = ’\ilgfcfgldim Enk(R R N)g;

whereR = Hom(R; T).
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Proposition 8 Let R be a CM complete local ring of nite CM type. TégtimR
maxf 2; dim Rg.

Proof By Cohen's structure theorenR is a nitely generated module over some
complete regular local rin. The MCM R-modules are precisely tfemodules
that are free ovefll. Finally, R = !R is the canonical module foR, which is
MCM. Theorem 6 then showsthat ERR ! g N) has global dimension at most
maxf 2; dim Rg, whereN is the direct sum of the remaining indecomposable MCM
R-modules. ]

Remark 9 As mentioned in the Introduction, Auslander proved in [1]ahif is
an Artin algebra of nite representation type, with addéigeneratoM, then =
End (M) has representation dimension two. In fact, he showed th& what is
now called arAuslander algebrthat is, has global dimension two and dominant
dimension two. We say that a rilghasdominant dimensioat least if, in a minimal
injective resolution@ A'! | of A, the j-th injective moduld! is also projective
forj<t.

One checks easily that the proof given in [3, VI.5] appliebatm to CM local
rings of nite CM type, and shows that, in the situation of Tdrem 6,A = Endr(M)
has dominant dimension two. To see that one cannot hope fghar dominant
dimension, consider a three-dimensional CM local rRgf nite CM type, e.g.Ex-
ample 11 or 12. Letl be the direct sum of the indecomposable MG¥modules,
andA = Endk(M). If A has dominant dimensior 2, then the minimal injective
resolution ofA is

0! Al Homg(M;19! Homg(M;IY)! Homg(M;I?)

where each Hog(M; 11) is a projective-injectivd-module. It follows that eachi is
an injectiveR-module. By the equivalence of categories betweer\ajldd projec-
tive A-modules then, the minimal injective resolution Bbf overRis

o M! 1% 1t %

and applying Homg(M; ) to this injective resolution preserves exactness. This im
plies that Ex(M; M) = 0, which is quite false in Examples 11 and 12.

3 Connections with Non-Commutative Crepant Resolutions

Though it is a purely algebraic statement, Theorem 6 is lostated to geomet-
ric statements about resolution of singularities. Recemtkvof M. Van den Bergh
[20,21] has revealed unexpected connections betweendbengfric) resolutions of
certain rational singularities and the algebraic propeytf certain endomorphism
rings over their coordinate rings. To make this connectioarenprecise, we quote
the following de nition of Van den Bergh:
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De nition 10  LetR be a Gorenstein normal domain. #on-commutative crepant
resolutionof R is an R-algebraA = Endk(M), for a nitely generated re exive
R-module M, such thatA is an MCM R-module and gldimA, = dimR, for all

p 2 Sped.

Non-commutative crepant resolutions were introduced tbve@ problem related
to their geometric counterparts. Agéometriccrepant resolutionf a scheme is a
projective morphismf:Y ! X, with Y regular, such thaf ! x = !y, where!
denotes the canonical bundle. A. Bondal and D. Orlov [4] eahjire that ifX has
a geometric crepant resolution, then any two have equitdleanded derived cate-
gories of coherent sheaves. M. Kapranov and E. Vasserotgfi6} the conjecture of
Bondal-Orlov for two-dimensional quotient singulariti€$=G; they show that any
geometric crepant resolution is derived equivalent to tbascommutative crepant
resolution given by Eng(C[ x; y]).

Van den Bergh pushes this point of view into dimension threke proves [20]
that a three-dimensional Gorenstein norm@lalgebra with terminal singularities
has a non-commutative crepant resolution if and only if itsheageometric crepant
resolution, and furthermore that the two crepant resoluisoare derived equivalent,
establishing the conjecture of Bondal-Orlov in this candatt, he conjectures [20,
Conjecture 4.6] that all crepant resolutions of a given @stein schem&, non-
commutative as well as geometric, are derived equivalemnal$éb gives some further
examples in which non-commutative crepant resolutionsexi

Theorem 6 implies that iR is a Gorenstein local ring of nite CM type, con-
taining a eld and having dimension two or three, théhhas a non-commutative
crepant resolution. The completion of such a ring is the gti@local ring of one of
the simple hypersurface singularities (see, for examp),[the MCM modules of
which are known. One can thus check that for each of the sirsiplgularities, the
endomorphism ring of a representation generator is indeet¥&€M module.

In fact, Theorem 6 gives a little more: the re exive modulelie de nition of
the non-commutative crepant resolution can actually beetako be MCM. This is
consistent with all the other known examples of non-comntiwtacrepant resolu-
tions [20, Remark 4.4].

It is worth pointing out that Theorem 6 also implies that getiGorenstein lo-
cal rings of nite CM type (containingC) have rational singularities in dimensions
2 and 3. Van den Bergh shows [20, Proposition 3.3] th& i a positively graded
Gorenstein algebra over a eld, with an isolated singwarindR has a noncom-
mutative crepant resolution of singularities, thRias at most rational singularities.
Of course, this is already known for the Gorenstein locagisiof nite CM type,
following from the complete classi cation of such rings 12, 17].

Non-commutative crepant resolutions are not yet de ned foon-Gorenstein
rings. It is tempting to accept De nition 10 verbatim for &lM normal domains,
and look to Theorem 6 as a source of non-commutative crepasoblutions in this
context as well. This optimism is quickly tempered by théofelng two examples
(the only known non-Gorenstein CM local rings of of nite CNype and dimension

3).
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Example 11 LetR = K[x?;xy, y? yz 7%, xZ], wherek is an algebraically closed
eld of characteristic zero. By [24, 16.10} has nite CM type. The indecom-
posable MCMR-modules are the free module of rank one, the canonical medul
I = (X% xy;x2), andM = syZ(! ), which has rank 2. By Theorem 8, =
EndR ! M) has global dimension 3. However, degth = 2 (this can be
easily checked with, sayacaulay2 [10]). The culprit isM: both Homg(M; R) and
Homg(M; M) have depth 2.

RemovingM, however, eliminates the problem. Observe Rt a ring of invari-
ants ofk[ x; y; z] under an action ofZ,. Therefore Eng(K[ x; y; z])) is isomorphic to
the twisted group rink[ x; y;zZ]  Z», and the twisted group ring has global dimen-
sion 3 by [24, Ch. 10]. Finally, sin&gx; y;zZ] = R ! as anR-module, we see that
R ! gives a noncommutative crepant resolutiorRyfand exhibits repdinRk 3.

Example 12 LetR= K[X;y; z u; V] =I, wherel is generated by the 2 2 minors of
the matrix 3 %V . ThenRhas nite CM type [24, 16.12]. The only indecomposable
nonfree MCMR-modules are, up to isomorphism,

the canonical modulé = (u; V)R,

M = syZ(! ), isomorphic to the idealX; y; U)R;

N = syZ(! ), rank two and 6-generated;

L := M-, the canonical dual df1, isomorphic to the idealxX; y; 2)R.

In particular,! = Homg(!; R) is isomorphic toM. Then by Theorem 6A =
Enck(R ! M N L) has global dimension 3. Agai# fails to be MCM
as anR-module, since none df , N , and Horrg(!; M) are MCM. In this exam-
ple, Engk(R !)and Enck(R M) are the only endomorphism rings of the form
Endy(D), with D nonfree MCM, that are themselves MCM. | do not know whether
the endomorphismring Eng{lR ! ) has nite global dimension.
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