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Let S be a regular local ring of dimension d 4+ 1, and let f be a non-zero non-unit of S. Let
R = S/(f) be the d-dimensional hypersurface ring. Fix an integer n > 2 and set R* = S[y|/(f+y").
We refer to R* as the (n-fold) branched cover of R.

We consider maximal Cohen-Macaulay (MCM) modules over R and R#. Our starting point is
the following theorem of Knorrer and its generalization by Herzog-Popescu. Write 2 for the syzygy
operator.

Theorem (| ). Suppose that S = k[xo,...,z4] and the characteristic of k is not equal to 2.
Assume n = 2, so that R* = S[y]/(f +y?). Then for any MCM R¥-module N, we have

Qp#(N/yN) = N @ Qpy(N) .

Theorem (| , Theorem 2.6]). Suppose that S = k[xo,...,xq] and the characteristic of k does
not divide n. Let n > 2 be arbitrary. Then for any MCM R¥-module N, we have

Qs (N/y"'N) 2 N @ Qs (N).

We consider the nested sequence of full subcategories of R¥-modules of the form Qs (M), where
M is annihilated by y*, for k = 1,...,n. Specifically, set Ay = S[y]/(f, %) for 1 < k < n, and
define

Yr =add {Qpx (M) | M is a MCM Ag-module} .

We have ¥1 C 3y C ... C MCM(R#). Observe that the results of Knorrer and Herzog-Popescu
above imply 31 = MCM(R#) when n = 2, and X,,_; = MCM(R#) for arbitrary n, respectively.
Our main result is the following.

Theorem. The subcategories Y1, ..., %, are functorially finite in MCM(R?), that is, every MCM
R#-module N admits both left and right approzimations by modules in ¥y, for each k. Namely, there
are short exact sequences

0 — Qpa(N) — Qpa(N/yFN) — N — 0

and
0— N — Qpa(Qps (N) /v Qps (N)) — Qpa(N) — 0
which are Tight and left Xi-approrimations of N, respectively.

As an application of the Theorem, we extend a result of Iyama, Leuschke, and Quarles to the
effect that the endomorphism ring of a representation generator for the MCM modules over a
simple (ADE) hypersurface singularity has finite global dimension. When f € k[zo,...,z4] defines
a simple singularity of dimension d > 1, the polynomial f + 4™ does not in general define a simple
singularity for n > 3, so that in particular the branched cover does not have a representation
generator. However we show that the n-fold branched cover admits a MCM module M such that
A = End g% (M) behaves like a “non-commutative hypersurface ring,” in the sense that A is Iwanaga-
Gorenstein and every finitely generated A-module has a projective resolution which is eventually
periodic of period at most 2.
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